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Abstract
When it comes to resist lateral loads, shear wall is a preferred structure form. There are
two main categories of finite elements to model seismic reposes of reinforced concrete shear
walls, namely the microscopic and macroscopic elements. These numerical tools suffer from
several vital problems, such as accuracy, efficiency, reliability and applicability, which hinder
their engineering applications.
Both experimentally and numerically, it is shown that the in-plane axial-flexural-shear in-
teraction does exist in wall panels. It is not applicable to simply neglect its effect since it could
contribute up to 50 % of total deformation for short walls. However, it cannot be well pre-
dicted by current macroscopic wall elements yet. By definition, available 1D macro elements,
in which heavy use of spring/truss elements is involved, cannot fully reproduce the non-linear
shear response/profile along the horizontal direction due to the ‘plane sections remain plane’ as-
sumption which is unavoidable during the process of simplifying a 2D planar problem to a
1D one. Another severe issue is the capability of simulating wall-frame interaction. Although
some simplification methods have been proposed for hand calculation, it is still complicated to
develop finite element models to handle the interactions between wall panels and beams/slabs
by using current macro elements, due to the lack of in-plane rotational degrees of freedom.
This project aims to solve above two drawbacks. The main objective is to develop an effi-
cient quadrilateral shear wall element. The new element should be capable of reproducing cou-
pled in-plane axial-flexural-shear interaction with reasonable coarse-mesh accuracy subjected
to high shear stress and allowing straightforward simulations of the wall-frame interaction
without any additional configuration.
The proposed (S)GCMQ element is developed based on a modified generalised variational
theorem. The Hu-Washizu variational principle is used as a basis, the drilling degrees of free-
dom are introduced into the formulation by a proper decomposition of deformation. The gen-
eralised conforming approach is adopted to simplify the formulation. By selecting and optimiz-
ing the interpolation functions of stress, strain and displacement fields, GCMQ and SGCMQ
elements are formulated. Furthermore, under the proposed variational framework, a series of
elements can also be constructed by selecting different shape functions. A five-point integra-
tion scheme is also proposed to save computational effort. Since (S)GCMQ a planar element, it
can automatically take all three in-plane stress components into consideration as long as the as-
sociated material model supports refined material behaviour. By this manner, the interactions
among different stress components can be represented.
The validations of (S)GCMQ are performed via some selected elastic/plastic problems.
Simulations of available shear wall specimens/structures are conducted with proper material
models in the calibration section. (S)GCMQ is free from shear and volumetric locking and
shows good bending performance. (S)GCMQ also improves the tolerance to mesh distortion.
(S)GCMQ exhibits good coarse mesh accuracy so that it can be used in practical applications
with a relatively low computational cost. Without loss of generality, (S)GCMQ provides an
efficient alternative to numerical simulations of reinforced concrete shear walls.
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The circum-Pacific belt (Ring of Fire) is an active seismic zone. Many earthquakes occur in
this region. Of the earthquakes, 6 out of 17 largest earthquakes since 1900* occurred during this
century. New Zealand is located at one end of the circum-Pacific belt, two faults (the Alpine
fault and the Wellington fault) run the length of the country, which makes it to be frequently
struck by earthquakes.
The most recent hazardous earthquake in New Zealand is the Christchurch earthquake oc-
curred at 12:51 p.m., on 22nd February, 2011. The event caused collapse of two multi-storey
buildings and killed 185 people in total. Detailed investigations of failure mechanisms of col-
lapsed buildings can be found in the reports by Royal Commission (2011b,a), Jury (2011) and
Kam and Pampanin (2011). During this earthquake, a shear wall, located on the ground floor of
Hotel Grand Chancellor (HGC) building, experienced high torsional actions and finally failed
due to out-of-plane buckling. The failure came close to causing a catastrophic collapse of the building
(Royal Commission, 2011b). Wall failures due to all kinds of mechanisms, such as shear failure
and concrete crushing, were also observed in recent earthquakes in Chile. Specific analyses and
discussions could be seen elsewhere (Carpenter et al., 2010; Wallace, 2012).
It could be noted that the tensile flexure failures are rarely observed in these earthquakes.
*Please check USGS database. https://earthquake.usgs.gov/
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This is possibly due to the fact that, after extensive research, structural engineers have gained
comprehensive understanding of flexural behaviour of shear walls. Consequently, the flex-
ure capacity is well designed and the corresponding failure patterns can be successfully sup-
pressed. In contrast, engineers have limited knowledge about the shear behaviour of wall
panels due to its inherent intricacy. In practice, the shear response is assumed to be elastic and
its effect is thus often neglected, particularly for slender walls. However, under some particu-
lar circumstances, such as high shear stresses and/or low aspect ratios, shear deformation may
contribute a considerably significant amount (up to 50 %) to the total deformation, particularly
after shear yielding. Such phenomena were observed in a number of experiments (see, e.g.,
Oesterle et al., 1980; Thomsen and Wallace, 2004; Tran and Wallace, 2015).
For numerical analyses, it is, in general, a difficult task to model shear walls due to the
intricacies of both the corresponding geometries and material properties. Although both global
and local responses could be generated by using general purpose microscopic† finite elements
in commercial finite element analysis (FEA) packages (see, e.g., Kazaz et al., 2006; Palermo and
Vecchio, 2002, 2004, 2007), it is impractical to use these elements to conduct simulations of large
scale structures due to efficiency problems (Orakcal et al., 2004). To date, engineers still prefer
to use macroscopic elements for shorter analysis times.
Unfortunately, most of current macroscopic shear wall elements can only be used at the
global level. By definition, macroscopic elements are incapable of predicting refined in-plane
coupled response. This is also pointed out by Fischinger et al. (2004). Essentially, they are 1D
elements that take displacements along element axes/chords as inputs and use 1D material
models to compute response. The transverse response cannot be taken into account by the
material models used. Although some macroscopic elements that incorporate 2D plane stress
material models have been proposed recently, they cannot be used in practical simulations due
to other numerical deficiencies. For example, to produce transverse shear response, some el-
ements attempt to construct biaxial strain based on uniaxial displacement inputs. Since the
biaxial strain formulated in this way lacks a mechanics basis and may not be able to describe
the true strain field, such an approach is nothing but GIGO (garbage in garbage out, computer
science terminology) no matter how good the adopted material model is. Discussions regard-
†There are no consensual definitions of macroscopic and microscopic elements. In the following context, all 1D
elements, including any spring and beam based elements, are categorized as macroscopic elements. 2D elements
that are formulated according to continuum mechanics and converge to analytical solutions with mesh refinements
are referred to as microscopic elements.
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ing recently proposed wall elements can be seen in Chapter 2. Thus, almost all numerical
simulations of low-rise walls were carried out by using microscopic elements (see, e.g., Gulec
and Whittaker, 2009).
As pointed out recently by Wallace (2012), additional numerical investigations, particularly
at the macroscopic level, are still needed for shear walls with low aspect ratios subjected to sig-
nificant shear stresses. As can be seen later, the current macroscopic elements also suffer from
several vital problems, such as incomplete coverage of failure mechanisms due to the ‘plane
sections remain plane’ assumption, lack of capability to account for wall-frame interactions
and out-of-plane response. Thus, an efficient element that can ease those problems is still in
demand.
1.2 OBJECTIVES
The main objective of this work is to develop a new finite element that exhibits high perfor-
mance for modelling tasks of panel like 2D structure members, such as shear walls. According
to Wriggers (2008), to develop a new continuum element with good performance, the following
objectives shall be met.
1. locking free behaviour for incompressible materials,
2. good bending performance,
3. no locking in thin elements,
4. no sensitivity against mesh distortions,
5. good coarse mesh accuracy,
6. simple implementation of nonlinear constitutive equations and,
7. efficiency (e.g., fewer integration points).
Apart from the above objectives, it is preferable for the new element to have only corner
nodes to simplify the meshing process and minimise the sizes of global matrices. It is also
preferable to include in-plane, drilling, rotational degrees of freedom (DoFs) into the new ele-
ment. The presence of drilling DoFs can be utilised to address the compatibility issue existing
in modelling wall-frame interactions. Elements with midside nodes are not suited to dynamics
or large deformation problems (Belytschko et al., 2014). Furthermore, analysts are interested
in not only displacement but also strain and stress results. The capability of simplifying the
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recovery of better strain and stress distributions is also desirable.
1.3 ORGANISATION
This dissertation is organised in the following way.
Chapter 2 presents a brief review of existing wall elements. Their drawbacks are discussed,
which serve as the motivations of this work.
Chapter 3 introduces the formulation of the proposed GCMQ element and its simplified
version SGCMQ. Other implementation related aspects, such as integration schemes and state
determination algorithm, are also introduced.
Chapter 4 reports the elastic validations of the proposed GCMQ element with some widely
adopted numerical examples. Most of those examples have analytical solutions.
Chapter 5 summarises the material models used in this work.
Chapter 6 presents a series of applications, including both static and dynamic loading cases
with simple and complex material models.
Chapter 7 concludes this work and discusses some common questions regarding numerical
modelling of panel/wall like structures.
1.4 IMPLEMENTATION
The digital copy of this dissertation is available in this repository tlcfem/phd.thesis‡.
All numerical examples, unless otherwise stated, are carried out by using suanPan§, an open
source finite element analysis framework. Model scripts of all examples can be found in the
same repository tlcfem/phd.thesis¶.
The proposed element has been implemented in RUAUMOKO (Carr, 1998). It is also avail-
able as an external dynamic library that works with OpenSees, which can be obtained from this
repository gcmq-opensees-implementation.
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1.5 TOOLS USED
This dissertation is prepared with LATEX in TeXstudio. Figures are mainly generated by
using TikZ and gnuplot. Some post-processing results of numerical models are produced by
ParaView. Numerical examples shown in § 2.2.2 are carried out in OpenSees. Data processing
is mainly performed in MATLAB®. The author would like to thank all developers of those
tools.
Although the colours, line styles, etc. of data virtualisations are carefully selected in order
to avoid ambiguities that readers would encounter with monotone printing, some figures may
still be difficult to read. It is thus recommended to read the digital version of this dissertation.
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An overall literature review of existing wall elements is introduced first. Recent state-of-the-
art review can also be seen elsewhere (see, e.g., Wu et al., 2016). In what follows, discussions of
the main drawbacks of those elements are presented.
2.1 CURRENT WALL ELEMENTS
2.1.1 Beam/Truss Analogy
As a natural simplification employed by civil engineers in the computation of 2D panel-
like structures, the simple and straightforward equivalent beam/truss analogy was introduced
long ago, even earlier than the introduction of finite element methods (FEM). Before the inven-
tion of high performance computation tools, such a method has once been quite popular and
efficient as it can significantly reduce the complexity of target problems and make them easier
to solve by pure hand calculation.
In the modern era, basic components of a typical beam element with lumped plasticity are
depicted in Fig. 2.1. Shear response can be recovered to a certain degree in accordance with the
Timoshenko beam theory. However, due to a lack of proper shear stiffness degradation theo-
ries, it is in general difficult to produce a non-linear shear response. Analogically, such a beam
element can be used for structural components dominated by flexural response such as slender
7
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walls (walls with high aspect ratios). Thomson et al. (2009); Martinelli and Filippou (2009) and
Rejec et al. (2011) adopted similar concepts in their FE analyses of cantilever walls and obtained
satisfactory global responses. However, details of wall cross section, as well as other local dam-










FIGURE 2.1. equivalent beam element
For short and squat walls, as shear response often plays a non-negligible role and may even
govern the failure mode, numerical simulations should be able to produce the shear behaviour
to a certain degree. Based on this fact, the equivalent truss (lattice) model (Hrennikoff, 1941) is
often employed as an alternative to the beam analogy.
The model is illustrated in Fig. 2.2. Both vertical and horizontal trusses (or beams in some
models) are used to simulate flexural response while shear behaviour is described by two diag-
onal bracing bars. The equivalent truss model is capable of producing the stress redistribution
caused by diagonal shear failure. Such a truss model was adopted by Williams (2014) and Lu





FIGURE 2.2. equivalent truss model (Hrennikoff, 1941)
However, when it comes to an inelastic stage, due to the lack of an explicit relationship be-
tween axial behaviour of the bracing bars and the shear response of the wall panels, it becomes
difficult to determine the stiffness of the diagonal bars, as well as the corresponding hysteresis
model. This is also pointed out by others (Vulcano, 1992; Jiang et al., 2005). Meanwhile, only
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diagonal shear failure pattern can be described by such a model. Hence, the truss analogy has
limited applications. More elegant elements should be developed.
2.1.2 Fibre-Based Elements
Three-Vertical-Line-Element Model
To reduce the complexity of numerical models, it is common to decouple flexural and shear
response and simulate them independently. Based on the discoveries in a three-storey shear
wall structure test carried out in 1981, Kabeyasawa et al. (1983) proposed a macro model named
three-vertical-line-element model (TVLEM) to model a full-scale seven-story reinforced con-
crete wall structure.
The model is depicted in Fig. 2.3a. According to the ‘plane sections remain plane’ assump-
tion, boundary beams are simplified to rigid ones while two non-linear axial springs are em-
ployed to simulate the tension/compression response of boundary columns, In the middle of
the model, a shear spring and an axial spring, along with a rotational spring, are adopted to
model the in-plane response. Alternatively, for the purpose of developing a more universal
model, the response of concrete and steel can be defined individually by replacing every single
spring component with a spring set consisting two springs in parallel: one for concrete and the
other for steel.
Proper hysteresis models, such as the well known Takeda model* (Takeda et al., 1970),
should be defined a priori for every spring component according to experimental data. Gener-
ally, the hysteresis model is defined based on the response of corresponding structure compo-
nent. The accuracy of this TVLEM fully depends on the refinement level of the hysteresis model
adopted. It is worth noting that no conventional constitutive model (material level stress-strain
relationship) is defined in this model. For different reinforcement configurations, calibrations
are always necessary for the hysteresis models adopted.
The major drawback of TVLEM stems from the incompatibility between the deformation of
boundary axial springs and the one of the rotational spring. Linde and Bachmann (1994) tried
to address this problem by omitting the rotational spring and further calibrating the remaining
springs. Apart from this, the flexural and shear response are uncoupled, which apparently
*Detailed description of the original model and modified versions can be found in reports by Otani and Sozen
(1972) and Chang and Mander (1994).
9
LITERATURE REVIEW UNIVERSITY OF CANTERBURY
does not meet the real situation. Hence, further studies were carried out not long after the
proposition of TVLEM.
Multi-Vertical-Line-Element Model
To reduce as many empirical assumptions as possible (Azzato and Vulcano, 1996), as well
as to eliminate inherent deficiencies of the aforementioned TVLEM, a modification, which
was called multi-component-in-parallel model initially and then renamed to multi-vertical-
line-element model (MVLEM), was proposed by Vulcano et al. (1988) and later modified by
Fischinger et al. (1992).
The shear spring at height ch remains unchanged while the rotational one is cancelled, as
shown in Fig. 2.3b. Theoretically, the value of parameter c should be determined according to
curvature distribution along wall height. Several methods have been proposed to determine
c and suggested values are commonly between 0.33 and 0.50 (Jiang et al., 2005). A value of
c = 0.4 was recommended and widely adopted in MVLEM by other researchers. Meanwhile,
the middle axial spring is split into several axial springs which are laterally distributed. Both
the number and location of non-linear axial springs can be customized to obtain a desired
prediction.
Due to its simple formation and explicit physical meaning, MVLEM quickly gained popu-
larity in the civil engineering community during the last two decades. A number of research
have been carried out with regard to the performance of MVLEM subjected to various condi-
tions, such as progressive collapse (Bao and Kunnath, 2010), slender walls under both cyclic
and monotonic loading (Han et al., 2008; Chen et al., 2011; Yang et al., 2013), parametric inves-
tigation and/or calibration (Fischinger and Isaković, 2000; Orakcal and Wallace, 2006; Dashti
et al., 2011).
Azzato and Vulcano (1996) conducted numerical simulations of a scaled RC shear wall
structure by using three aforementioned macroscopic elements: beam element, TVLEM and
MVLEM. A detailed comparison was carried out with regard to the effectiveness and relia-
bility of the adopted elements. The result revealed that the shear response at the base of the
wall was underestimated, particularly when subjected to strong ground motions. Lu and Chen
(2005) employed MVLEM, along with the fibre beam element, to simulate the static response
of a coupled shear wall structure. The ascending part of the obtained force-displacement curve
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was quite reasonable but the model was unable to simulate the descending branch at both fail-
ure and collapse stages. Wang and Shen (2005) expanded the original MVLEM for tube struc-
tures while Kante (2005) developed a 3D version by combing two MVLEM elements along two
orthogonal directions together.
It has been shown that MVLEM can produce a reasonable flexural response as long as re-
fined hysteresis models (for both vertical and lateral springs) are applied (Fischinger et al.,
2004). However, it is observed that shear response is often underestimated, particularly un-
der high shear loads (Colotti, 1993). Furthermore, since shear and flexural deformations are
still uncoupled, the prediction of shear-flexure interaction is limited, especially for walls with
moderate to low aspect ratios. Another major drawback is that the fixed-end rotation, which is
caused by the lumped plastic deformation, can be simulated by neither TVLEM nor MVLEM
(Azzato and Vulcano, 1996), this problem is studied by Ghobarah and Youssef (1999), special













(B) MVLEM (Vulcano et al., 1988)
FIGURE 2.3. illustrations of fibre-based elements
2.1.3 Shear-Flexure Interaction Elements
Based on the original TVLEM, Milev (1996) employed 2D quadrilateral elements to simulate
wall panels rather than three non-linear springs. Fig. 2.4 illustrates the modified model. Similar
elements can also be found elsewhere (see, e.g., Chen and Kabeyasawa, 2000). In fact, such a
modification can be deemed as a correction of traditional membrane elements after accounting
for the stiffness difference between wall panel and boundary members.
In this sense, the shear wall element adopted by Mo et al. (2008), which is shown in Fig. 2.5,
can be regarded as a further refinement. Both the boundary beams and columns are represented
by non-linear beam-column elements while the wall panel is still simulated with quadrilateral
11
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FIGURE 2.4. hybrid shear wall element (Milev, 1996)
To produce shear response with a better accuracy, Colotti (1993) modified MVLEM by sub-
stituting the non-linear shear spring with 2D membrane elements. By incorporating a 2D con-
stitutive model called modified compression field theory (MCFT) (Vecchio and Collins, 1986),
a reasonable prediction of shear response under monotonic loads was achieved. A similar ap-





FIGURE 2.5. hybrid shear wall element (Mo et al., 2008)
Li and Li (2004), Orakcal and Wallace (2006) and Massone (2006) modified the original
MVLEM by assigning one shear spring to each axial spring. The response of every spring set
was calibrated using a 2D membrane element. The corresponding sensitivity studies were also
carried out. Those models appeared to be capable of predicting the shear-flexural interaction
reasonably for concrete shear walls with low aspect ratios under monotonic loads.
Recently, Kolozvari, Orakcal and Wallace (2015) abandoned the spring system concept by
substituting non-linear axial springs with panel elements and proposed a new element called
SFI-MVLEM, the modelling philosophy of which resembles the one of the aforementioned
models proposed by Li and Li (2004) and Massone (2010). It is claimed that SFI-MVLEM ex-
hibits a decent ability to predict load-displacement response under cyclic loads. Details can be
found elsewhere (Kolozvari, 2013; Kolozvari, Tran, Orakcal and Wallace, 2015).
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Apparently, the essential concept of all MVLEM modifications mentioned above can be
traced back to the work by Colotti (1993), that is, replacing spring components by more refined
finite elements (e.g., 2D membranes). Since microscopic elements are strictly developed with
accordance to solid mechanics, convergence is often guaranteed. However, it should be noticed
that in general more computation effort is required. Meanwhile, some numerical deficiencies
exist in those modifications. The performance of which is unreliable. Relevant discussions
would be presented later in this chapter.
...
(A) modified MVLEM (Massone, 2010) (B) SFI-MVLEM (Kolozvari, 2013)
FIGURE 2.6. illustrations of modifications of MVLEM
2.1.4 Microscopic Elements
Numerical analyses of RC shear walls purely based on microscopic 2D or 3D finite elements
were also carried out in recent years (see, e.g., Vecchio and Chan, 1990; Colotti, 1993; Ayoub
and Filippou, 1998; Kazaz et al., 2006; Palermo and Vecchio, 2007; Gulec and Whittaker, 2009;
Parulekar et al., 2014; Kolozvari et al., 2019). Most of these works focused on verification of
the newly proposed concrete constitutive models, rather than the elements themselves. Since
convergence (to analytical solution) can be guaranteed by using such a microscopic approach,
the error caused by the elements could be significantly reduced, hence it is easier to isolate
and evaluate the performance of different constitutive models. Among the new approaches,
Barrales (2012) and Kagermanov and Ceresa (2016) adopted membrane elements with drilling
DoFs in analyses of wall members. The presence of rotational degree of freedom allows interac-
tion between the membrane and beam elements and thus provides a very promising approach
to model wall-frame interactions.
Another compromise is the laminated element (Hinton and Owen, 1984), which is based
on composite material mechanics theories. Reinforced concrete can be regarded as a two phase
13
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material. As long as the reinforcement is (close to) uniformly distributed, it is easy to adopt a
series of thin steel layers (plies) to represent reinforcement in an averaged sense. Furthermore,
since under most circumstances reinforcement is orthogonally arranged, it can be decomposed
into two independent layers (each for one direction) and then uniaxial material models can be
applied. The concept behind such a method is ‘divide and conquer’, which is similar to the one
of popular fibre frame elements. Fig. 2.7b illustrates a typical multi-layer shell element.
x y
z
(A) laminated beam element
x y
z
(B) laminated shell element
FIGURE 2.7. illustrations of laminated elements
Polak and Vecchio (1993) employed the laminated shell element (Hinton and Owen, 1984)
and MCFT for analyses of RC shell structures. Simple verifications were then carried out un-
der different loading conditions, including membrane loads, flexure and out-of-plane shear.
The results revealed that the model proposed could generate both in-plane and out-of-plane
behaviour with a satisfactory level of accuracy. Similar work can be seen in the work by Miao
et al. (2006); Nakamura et al. (2009); Lu et al. (2015).
In the work by Belmouden and Lestuzzi (2007), the shear wall model was discretised into
several layers along wall width. Similar to fibre elements, each layer was simplified to beam el-
ement with different material models according to various configurations (reinforcement, con-
finement, etc.) as shown in Fig. 2.7a. The interface bond-slip sub-element was also attached
to the model to account for the bond-slip effect. It is shown that the multi-layer beam element
was able to reproduce the load-displacement curve with reasonable accuracy.
Valoroso et al. (2014) compared the performance of both beam and shell elements with
regard to non-linear analysis of reinforced concrete shear walls. Since the classical beam kine-
matics assumes that ‘plane sections remain plane’, the wall-frame interaction, which can be
well predicted by shell elements, however, cannot be represented by frame elements. Cor-
respondingly, the curvature distributions of beams were underestimated in the beam model.
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Such laminated elements are more often studied and extended when it comes to coupled-field
problems. A number of different formulations were developed recently (see, e.g., Bailey, 1995;
Huang et al., 1999; Sze et al., 2002; Zhang and Bradford, 2007).
2.1.5 Summaries of Current Elements
A summary matrix of current shear wall elements and the associated concrete material



























































1-D & 2-D Mat.
FIGURE 2.8. property matrix of current shear wall elements
2.2 SOME COMMENTS ON EXISTING ELEMENTS
Most existing macroscopic wall elements adopt formulations that consist of uniaxial ma-
terial models. By the nature of those formulations, various effects, including shear-flexure in-
15
LITERATURE REVIEW UNIVERSITY OF CANTERBURY
teraction, coupling between in-plane and out-of-plane actions, etc., cannot be easily produced.
Essentially, modelling walls is a 2D problem that ought to be addressed in the 2D space with
2D tools. Some 1D formulations do bring great simplifications however they should not be
expected to work well, especially when the biaxial response is significant. This section re-
views some major issues in existing macroscopic wall elements, including beam/truss analogy,
TVLEM/MVLEM and their variants. It could be deemed as the motivations of this project.
2.2.1 Beam/Truss Analogy
The classic beam analogy is a natural approach to shear wall simulation. If the target shear
wall is slender enough, the corresponding transverse shear response would be negligible so
that the overall behaviour is flexure dominated. In this case, a beam element is ideal due to
its efficiency and simplicity. For walls in which beam theories do not apply, the beam analogy
would perform poorly.
The truss analogy is another category of simple representations of 2D walls. Such an anal-
ogy is not only used in FEA but also in other engineering applications, for example the well
known strut-and-tie model. As an approximation implemented in an equivalent manner, the
truss analogy is able to perform properly with well tuned response of diagonal truss members.
However, when it comes to the non-linear stage, it is in general difficult to define an equivalent
hysteresis model for the diagonal trusses. Recent work (Lu and Panagiotou, 2014) adopts a
reduction factor based on strains in both diagonal trusses. However, such a definition does not
correspond to any solid mechanics theory. This means that such an equivalent approach cannot
be used in blind predictions. Meanwhile, for validations of experiments, it is possible to obtain
target response by simply tuning artificial/empirical parameters in either element or material
model. It could be concluded that both calibration and reliability remain unpredictable with
the truss analogy. Hence its applicability is limited.
2.2.2 MVLEM and SFI-MVLEM
MVLEM is well studied by researchers over the past decades. MVLEM is essentially a sim-
plified version of Timoshenko beam and commonly known to be an efficient tool for slender
wall modelling. However, similar to the beam/truss analogy, the application of MVLEM is
limited to slender walls due to the difficulty in defining the non-linear shear response. Often,
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piece-wise linear origin-oriented hysteresis models is used for shear response in practice. The
calibration of those models remains an issue. Meanwhile, the concept of flexure centre, i.e., the
location of the shear spring, is ambiguous and cannot be identified theoretically. The experi-
mental observations of c value scatter over a wide range from 0.2 to as high as 0.6, depending
on wall geometries and loading conditions.
Practically, MVLEM is used to simulate shear walls with moderate to high aspect ratios
(above 3.0) with a rigid shear response and a common c value of 0.4. Noting that there is
great flexibility in tuning element performance, manners of which include varying c value,
using empirical degradation models for the shear spring, etc., MVLEM is not reliable for blind
predictions as well.
SFI-MVLEM is a modification of MVLEM. Instead of 1D springs, 2D panels/membranes,
in particular four-node isoparametric quadrilaterals (Q4, or CPS4 in ABAQUS notation), are
used as ‘fibres’ in SFI-MVLEM. It is claimed that this element can capture the shear-flexure
interaction as it can produce a non-linear horizontal strain (or stress) distribution. However,
this statement may not be true as the formulation lacks a theoretical basis. This type of elements
suffers from the ‘plane sections remain plane’ assumption. Furthermore, two issues cannot be
ignored in such a formulation.
Low Accuracy
Q4 panels are generated internally in SFI-MVLEM according to the element formulation.
However, the Q4 element is known to be sensitive to element geometry. The aspect ratio of
each fibre can be neither too large nor too small since in which case Q4 may lock and thus
very poor results would be computed. This means mesh refinement along wall height must
be companioned by adding more fibres along the wall width to keep the aspect ratios of panel
fibres around the same level. In extreme cases, numerical results may even deteriorate with
improper mesh configurations. Meanwhile, due to the presence of the two end rigid bars and
the artificial rotation centre, SFI-MVLEM does not converge to the true solution in most cases.
To illustrate this, a simple model is studied with different configurations shown as follows.
The model illustrated in Fig. 2.9 is a cantilever beam with a prismatic rectangular cross section
of unit thickness subjected to end shear. The distribution of shear stress at right end is not
explicitly assigned, instead, its integration over the cross section is defined to be P. Assuming
17





P E = 1, ν = 1/3,
h = 1, L = 2r,
t = 1, P = 1.
FIGURE 2.9. example cantilever beam model
a fully fixed boundary condition at the left end, the vertical tip deflection v, which can be














Compared to the Euler-Bernoulli beam theory solution, the second term is the additional shear
contribution. For parameters shown in Fig. 2.9, v = 4r3 + 4r. Furthermore if the aspect ratio





















































(B) sixteen fibres per element
FIGURE 2.10. sensitivity to mesh refinement in modelling a cantilever beam
As shown in Fig. 2.10, it is clear that the performance of SFI-MVLEM can be customized by
simply adjusting the height of shear spring. Furthermore, mesh refinement does not guarantee
convergence to analytical solution. With different configurations, the error of SFI-MVLEM is
not strictly bounded as that in finite elements. Numerical investigations of the sensitivity to
different aspect ratios, which are shown in Fig. 2.11, also lead to similar conclusions. There are
four elements defined along the beam cord while sixteen fibres are assigned in each element.
Interestingly, the rotation error does not change with different aspect ratios. The reference
rotation values are not the analytical solutions as they are obtained from beam theory, which
may not be suitable for short walls. Such a great uncertainty makes the calibration of SFI-
18
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MVLEM extremely unreliable. It shall be stressed that only a simple linear elastic material
model is used in this example, it would be more difficult to identify and isolate the error that




















































FIGURE 2.11. sensitivity to aspect ratio with four SFI-MVLEM elements along cord
MVLEM has similar problems. Numerical results may converge to arbitrary solutions. In
this sense, SFI-MVLEM does not essentially bring any improvement in accuracy. Furthermore,
iterations are required in the current formulation to force either horizontal strain or stress to be
zero (see Massone, 2010) so that internal history variables can be computed in state determina-
tion. Both assumptions of zero strain and zero stress are incorrect for walls.
Hourglassing
SFI-MVLEM uses one integration point located at the centre of each fibre for numerical eval-
uation of fibre response. It is essentially equivalent to Q4 element with a reduced integration




· · · · · · · · · · · · · · ·
FIGURE 2.12. a typical fibre in SFI-MVLEM
can be deemed as a series of CPS4R element parallelly connected and sandwiched between
two rigid bars. Consider a typical fibre as shown in Fig. 2.12. For a rectangular Q4 element,
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(ξivi + ηiui) =
1
4
(−v1 + v2 + v3 − v4 − u1 − u2 + u3 + u4) .
Noting that in practice, fibres are often long and slim, viz., with large slenderness, it is
feasible to assume
v1 ≈ v2, v3 ≈ v4, u2 − u1 ≈ u3 − u4,




(u2 − u1) , εy =
1
h
(v3 − v2) , τxy =
1
h
(u3 − u2) , (2.2)
where b and h are the width and height of the target fibre respectively. Eq. (2.2) is used by SFI-
MVLEM in strain computation. Apart from original u2, u3, v2 and v3, one additional variable
u1 is required in this process. The similar equations can also be obtained by assuming
v2 − v1 = v4 − v3, u3 − u1 = u2 − u4.
This, however, corresponds to a hourglassing mode. Apparently, depending on how the fi-
nal formula is interpreted, there is a potential risk of involving an hourglassing contribution
into the strain computation as it is difficult to recover the ‘true’ deformation solely based on
Eq. (2.2). Although the hourglassing effect is closely related to the loads and boundary condi-
tions applied and may not be triggered in certain cases, the contribution of potential hourglass-
ing modes should be fully eliminated otherwise the result could be over-flexible. This can also
be seen in the previous example.
In the meantime, as the constructed 2D strain is partially artificial, it may or may not repre-
sent the true strain field, the computed response is less meaningful. Such a strategy is possibly
nothing but GIGO (garbage in garbage out, computer science terminology).
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Any Remedy?
So within the framework of current element formulation, is there any remedy to improve
the performance? The answer to this question is probably negative. The potential hourglassing
risk can be totally eliminated by using a full 2× 2 integration scheme. However this quadru-
ples computation effort and brings in other numerical issues. Another simple yet effective
method is to include an additional displacement pattern to suppress the hourglassing effect.
This can only be performed on the element level so all eight nodal forces (as of a normal Q4
element) need to be computed first. The geometry sensitivity cannot be addressed except for
using other types of quadrilaterals, viz., higher order ones.
SFI-MVLEM shows a natural idea of addressing existing problems in modelling squat walls
but its formulation has severe drawbacks. Given that SFI-MVLEM does not converge to ana-
lytical solutions and its error is often not bounded, analysts are not recommended to use this
element in any modelling tasks.
2.2.3 Other Variants of TVLEM
Apart from the long-standing MVLEM and the recent modification SFI-MVLEM, other vari-
ants of TVLEM, as introduced in § 2.1.3, are rarely seen in practical simulations.
Replacing 1D springs with 2D plane stress elements is a conceptually reasonable approach.
Since 2D plane stress elements can be used to simulate the complete behaviour of shear walls
including all types of so called interactions, wrapping them into an 1D element by adding two
rigid beams is unnecessary and more often less accurate, especially for squat walls. In this
sense, the presence of rigid beams is only beneficial for reducing the number of nodes required
to define the model. However, when it comes to modelling walls in multi-storey building, it is
inevitable to define more nodes to take into consideration the effect of wall width. It can thus
be concluded that to obtain more accurate simulation results, it would be better to directly use
2D plane stress elements.
2.2.4 Microscopic Finite Elements
Finite elements are general purpose tools for all kinds of simulations. No significant draw-
backs exist except for potential low computational efficiency. Lower-order elements are in gen-
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eral preferred due to both simpler mesh generation and lower computational cost. However,
practically very dense mesh grids are required to obtain satisfactory results as the convergence
is often slow. Higher-order elements have better accuracy, but they often require more compu-
tational effort and may not be well suited for dynamic problems. Meanwhile, the additional
nodes that are located either on edges or the inside of elements are often undesirable. A more
thorough discussion can be seen elsewhere (see Chapter 8, Belytschko et al., 2014).
2.3 THE PROPOSED APPROACH
It could be seen that, to date, most macroscopic elements involve a quite heavy use of
truss/spring and beam elements, and thus do not possess a theoretical basis in terms of mod-
elling 2D problems that the simulations of shear walls fit in. During the process of simplifying
the 2D physical problems to 1D mathematical models, certain information would be discarded
and cannot be recovered by simply adopting some empirical models. This fact leaves engineers
with the other approach, the microscopic formulation. By construction, microscopic elements
are suitable for simulating 2D solid mechanics problems. Most of the limitations of the 1D
elements can be automatically eliminated, including the ‘plane sections remain plane’ assump-
tion, shear-flexure interaction, etc.
As previously discussed, the main difficulty that hinders the application of microscopic
elements to model shear wall structures lies in their high computation cost. One possible so-
lution is to improve the coarse-mesh accuracy thus a reasonably accurate response could be
obtained with a few elements (one or four) defined per sheet of wall. Meanwhile, adaptive
analysis is automatically supported so that denser mesh grids could be assigned to critical re-
gions of interest. This work aims to develop a new quadrilateral membrane element with high
coarse-mesh accuracy that is suitable for different levels of simulations of shear walls (not lim-
ited to shear walls, but could also be any planar problems). The ultimate goal is to improve the
accuracy-cost ratio and provide a reliable tool for simulations of various engineering problems.
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The GCMQ and SGCMQ Elements
This chapter describes the formulation details of the proposed GCMQ element and its sim-
plified version SGCMQ, as well as other related aspects such as integration schemes, mass
matrix formulation and discussions on computational cost.
Part of this chapter is published in the journal paper A New Drilling Quadrilateral Membrane
Element With High Coarse-Mesh Accuracy Using A Modified Hu-Washizu Principle (Chang et al.,
2019a) with International Journal for Numerical Methods in Engineering. Part of this chapter
is also published in the journal paper Numerical Evaluations of A Novel Membrane Element in
Simulations of Reinforced Concrete Shear Walls (Chang et al., 2019b) with Engineering Structures.
3.1 INTRODUCTION
The study of lower-order membrane elements is one of the focuses throughout the devel-
opment of finite element methods (FEM). The very first elements (e.g., Turner et al., 1956; Taig
and Kerr, 1964) were widely used in various applications and later adopted as elementary
examples in many FEM textbooks (e.g., Zienkiewicz et al., 2013). In general, early elements
are constructed based on the principle of minimum potential energy and convergence is nor-
mally guaranteed with refined mesh grids, provided the elements can pass the patch test (see
Zienkiewicz and Taylor, 1997, for a more detailed discussion).
It is observed that these elements tend to be overstiff, particularly when subjected to in-
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plane bending, and in general do not perform well with distorted geometry and large aspect
ratios (Pian and Sumihara, 1984; Bergan and Felippa, 1985). Besides, conventional membrane
elements also suffer from two other issues that limit their applications in simulating complex
systems. The first problem happens when it comes to model connections between panels and
beam-type elements, as traditional finite elements only have two degrees of freedom (DoFs)
per node while beams possess the additional rotational DoFs. The second problem arises in
the construction of some planar shell elements by combining membranes and plates together.
Since the in-plane rotation DoF is absent, the corresponding main diagonal term is always zero,
which leads to a singular element stiffness matrix. Although numerically it is possible to obtain
usable elements by modifying the zero terms, the additional coupling effects between in-plane
and out-of-plane actions cannot be properly captured. This can be a severe problem with coarse
mesh configurations.
One possible solution is to introduce in-plane rotational degrees of freedom (also known
as drilling DoFs) into the element formulation. Initial research on drilling membranes was
carried out in 1960’s (Felippa, 1966; Carr, 1967; Scordelis, 1967; Willam, 1969). The very first
application in structural analysis can be traced back to the work by MacLeod (1969). Suc-
cessful attempts were later made by others using higher order shape functions (Allman, 1984,
1988; Bergan and Felippa, 1985; Cook, 1986; MacNeal and Harder, 1988). The interpolation
scheme used in Allman’s element was also adopted by Sze et al. (1992), in which, instead of the
displacement-based formulation, a two-field Hellinger-Reissner type formulation was used. It
did give a more accurate result but additional treatments were required to suppress spurious
energy modes. Long and Xu (1994) employed a different interpolation scheme via a generalized
conforming approach. From a mathematical perspective, Hughes and Brezzi (1989) managed
to derive a special variational principle, in which the drilling DoFs are bonded to the nodal
rotation that is treated as an independent field. The corresponding element was evaluated by
Hughes et al. (1995). The same principle was also employed by others (Ibrahimbegović et al.,
1990; Ibrahimbegović and Frey, 1992; Ibrahimbegović, 1993, 1994; Chinosi et al., 1997). A sim-
ilar concept was later adopted by Choi et al. (2002) in the derivation of a displacement-based
element. Recent explorations can be spotted in the work by Fajman (2002); Cen et al. (2011,
2015); Madeo et al. (2012, 2014); Shang and Ouyang (2017).
Although some superior performance can be obtained (e.g., Choi et al., 2006; Choo et al.,
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2006; Cen et al., 2011), most existing elements are constructed using the (modified) Hellinger-
Reissner principle or the minimum complementary energy principle. Two main drawbacks
cannot be ignored in those formulations: 1) there are difficulties in the use of those elements
in non-linear plastic applications and 2) additional artificial parameters, the determination of
which is normally empirical, may exist. Indeed, two-field formulations based on the Hellinger-
Reissner variational principle are less desirable when it comes to non-linear applications since
most material models are strain controlled. For recent approaches, such as establishing com-
patibility between different strains using stresses as weights (Wang et al., 2016; Shang and
Ouyang, 2017), since interpolation functions involve material stiffness, whether those elements
can be used in general non-linear applications remains unclear. Meanwhile, the overall perfor-
mance could be further improved.
The ideal membrane element that could address those shortcomings, as well as the ones in-
herited from classic membranes, is expected to meet the aforementioned objectives. To this end,
a four-node drilling quadrilateral membrane element called GCMQ is proposed via a mixed
approach based on a modified four-field Hu-Washizu variational principle.
3.2 DEFORMATION DECOMPOSITION
3.2.1 Definition of Degrees of Freedom
For quadrilaterals, strictly speaking, there should be at least four DoFs per node (two for
translations and two for independent distortions of both connected edges) to properly describe
random deformation. But accounting for the compatibility with other existing elements, in this
work, as a common practice, three DoFs are defined for each node: two for translation (denoted
by u and v) and one for rotation (denoted by θ).
Previous researches mainly provide two simple definitions of the drilling DoF θ: 1) nodal
rigid body rotation (Allman, 1984) and 2) skew part of strain tensor (e.g., Carr, 1967; Hughes
and Brezzi, 1989). However, those definitions have their own limitations, especially when it
comes to the fully-fixed boundary condition in which case both fail to give zero values for
drilling DoFs. Hence a more appropriate definition should be introduced. Meanwhile, the
drilling displacement is expected to be decoupled from translation to simplify element formu-
lation. By accounting for the above aspects, a definition similar to the one used by Sze et al.
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(1992) and Long and Xu (1994) is adopted in this work. The exhaustive discussion of different
definitions of θ can be found elsewhere (Long et al., 2009).
3.2.2 Derivation of Independent Rotation Field
Let F : X → x be a deformation, which is independent of time t. Accordingly, the current
deformed configuration x ∈ R2 can be interpreted as the result of applying mapping F to the
undeformed configuration X ∈ R2, that is
x = F (X). (3.1)
Similar to the multiplicative decomposition, it is feasible to decompose F into two phases. The
first one is produced by translational DoFs, namely the translational part. The second one is
generated by drilling DoFs, namely the drilling/distortion part. Let T and D denote these two
parts, respectively. Then F can be expressed as
F = D ◦ T .
Let xm denote the intermediate configuration obtained by solely applying mapping T to X,
xm = T (X) = X + ut (X) ,
in which ut is the translational deformation purely induced by the mapping T . Then x can be
expressed as a function of the intermediate configuration xm, through the mapping D,
x = D (xm) = xm + ud (xm) .
Hence Eq. (3.1) can be expanded as
x = F (X) = D (T (X)) = X + ut (X) + ud (X + ut (X)) . (3.2)
By using the Taylor series, one can expand the last term in Eq. (3.2) at X and obtain
x = X + ut (X) + ud (X) +∇ud (X) · ut (X) + o (ut (X)) ,
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where ud is the drilling deformation and the last term is the Peano’s remainder that stands
for an infinitesimal term of higher order than ut. Within the framework of infinitesimal strain
theory, it is reasonable to assume the deformation is sufficiently smooth that ∇ud · ut is also
an infinitesimal of higher order than both ut and ud, which themselves are again higher order
infinitesimals of X. For simplicity, it is feasible to discard it, along with the remainder. By such,
the total displacement field u can be simply written as
u := x− X = ut + ud. (3.3)
The graphical interpretation can be seen in Fig. 3.1. Such a decomposition cannot be applied
in finite deformation problems, in which ∇ud · ut could be significantly large. The decoupled






















FIGURE 3.1. deformation decomposition
3.3 VARIATIONAL BASIS
3.3.1 The Hu-Washizu Principle
The general form of the Hu-Washizu variational principle (Hu, 1954) can be written as
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in which V denotes the volume domain, Sσ and Su denote the corresponding boundaries, W (ε)
is the strain energy that is normally a non-linear function of the strain ε, σ is the stress, u is the
displacement field and ū is the prescribed boundary displacement. For brevity, it is feasible to








since they are normally represented by the equivalent nodal loads that can be treated sepa-
rately. Meanwhile, an additional field, called the enhanced strain ε̂, can be included to further
tune element performance. Accounting for above aspects, the following simplified version ΠS,
can be obtained.









tT (u− ū)dS−Πbt (u) . (3.4)
3.3.2 A Modified Variational Principle
It has been shown in Eq. (3.3) that the displacement field u can be decomposed into two
independent portions ut and ud over the domain. By definition, the drilling portion ud should
be related to the in-plane rotation field θ via a certain relationship. Similar to the approach
adopted in beam elements, one may directly express θ as a function of∇ud. If so, as the confor-
mity requires θ to be continuous on element boundaries, ud has to be a two dimensional inter-
polation with C1 continuity. It is commonly known to be very difficult to construct such a func-
tion. Instead of directly imposing the conforming condition, it is possible to handle those two
requirements (conformity and C1 continuity) separately. Noting that the C1 continuity is only
required on element boundaries, an auxiliary field, denoted by uθ , that is a one-dimensional
C1 continuous function of θ and resides only on boundaries, could be introduced. By such, the
original ud could simply be interpolated by any two-dimensional function and does not have
to be conforming.
It could be noted that a proper interpolation for the translational displacement ut could
always be found so that
ut + uθ = ū on Su, (3.5)
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given that uθ is already conforming by construction. By inserting Eq. (3.5) and Eq. (3.3) into










tT (uθ − ud)dS−Πbt, (3.6)
with u = ut + ud and the conforming condition ut + uθ = ū on Su as an essential condition.
The displacement boundary Su term in the above functional, viz.,
∫
Su
tT (uθ − ud)dS, (3.7)
acts as a minimum conformity constraint imposed on ud and uθ that guarantees convergence.
3.4 ELEMENT FORMULATION
3.4.1 A Simplification
Eq. (3.7) can be further relaxed by noting that when the element size approaches zero, the
corresponding traction t approaches a constant field that can be denoted as tc. In which case,
Eq. (3.7) can be rewritten as
∫
Su
tTc (uθ − ud)dS.
To avoid treating ud separately, a slightly stronger constraint can be applied, for example,
∫
Si
I (ud − uθ)dS =
∫
Si
ud − uθ dS = 0 for i = 1, 2, 3, 4, (3.8)
where I is the 2× 2 identity matrix. In a more generic setup, it can also be expressed as
∫
Si
S (ud − uθ)dS = 0 for i = 1, 2, 3, 4, (3.9)
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It should be noted that Eq. (3.8) is applied on four edges separately, hence instead of one,
eight independent constraints (two for each edge) are provided. Eq. (3.8) is in fact identical
to the constraint used in GQ12 element (Long and Xu, 1994). This approach is known as the
generalized conforming method that can be initially observed in the work by Tang et al. (1984)
and Wu et al. (1987) and later utilized, further enriched by Long and Xu (1994). Physically it
means ud and uθ are equivalent to each other in a weak sense on each element boundary.
Let d denote the generalised interpolation parameter used in ud and assume uθ to be a
function of the nodal rotation θ, it is possible to express d as a function of θ by solving Eq. (3.8),
ud = f1 (d) = f1 ( f2 (θ)) = f3 (θ) ,
although the solution is not guaranteed and depends on the discrete form of ud, this part will
be discussed in the subsequent section. By such, the displacement u can be expressed solely by
nodal translations and rotations. Meanwhile, Eq. (3.8) implies that Eq. (3.7) equals to zero in a
generalised conforming sense. Hence, the governing variational principle Eq. (3.6) falls back to




W (ε) + σT (∇u + ε̂− ε)
]
dV −Πbt (u) , (3.11)
which is adopted in the formulation of the new element. It should be mentioned that Eq. (3.8)
is not the only option. Eq. (3.7) could be replaced by various generalised conforming schemes.
The interested reader is referred to the monograph (Long et al., 2009) for more details.
3.4.2 Solving Equations
Since the finally adopted functional is Eq. (3.11), the solving procedure of which has already
been given elsewhere (Piltner and Taylor, 1995, 1999), here only a brief summary is presented.
Nevertheless, it shall still be noted that in the following derivation, unlike in the original litera-
ture, the symmetry requirement is imposed on neither material stiffness nor any other matrices.
The resulting state determination algorithm is universal for all kinds of material models. There
is no penalty in terms of memory usage since full matrices need to be stored. Meanwhile, the
state updating scheme is also corrected so that a stable algorithm is obtained.
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δσT (∇u + ε̂− ε) dV = 0,∫
V
δεT (σ̃ (ε)− σ) dV = 0,∫
V
δε̂Tσ dV = 0,
(3.12)
where σ̃ (ε) = ∂W (ε) /∂ε is the stress obtained from the material model. By discretising the
four independent fields with
u = φuq, σ = φσα, ε = φεβ, ε̂ = φε̂ζ,





















φTε̂ φσα dV = 0.
(3.13)
The corresponding linearised equations between two iterations denoted with pseudo-time tn





T φσ∆α dV = Pn+1 − Pn,∫
V








φTε̂ φσ∆α dV = −Fn,
(3.14)
in which Pn+1 stands for the external load that could include the contributions of nodal forces,
body forces and/or surface tractions. The increment of the material stress ∆σ̃ is linearised with
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the tangent stiffness Ẽ that could also be obtained from the material model,
∆σ̃ ≈ Ẽ∆ε = Ẽφε∆β. (3.15)




















φTε̂ φσαn dV. (3.18)
The non-zero term Fn origins from a relaxed version of the fourth equation in Eq. (3.12), which
represents a full orthogonality condition that should be enforced on the enhanced strain ε̂.
However, with such a condition, it is difficult to recover the magnitude of ε̂. Hence, instead of
the original condition, a partially orthogonal one can be adopted (Simo and Rifai, 1990; Piltner
and Taylor, 1995), that is
∫
V
δε̂Tσ̂ dV = 0,
in which σ̂ is a reference stress field consists of at least three constant modes. If the adopted
stress interpolation employs higher order polynomials, the original expression does not neces-
sarily equal to zero for all non-converged iterations. The selection of the enhanced strain will





φTσ φεdV, H̃ =
∫
V
φTε ẼφεdV, M =
∫
V
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the system of linear equations can be obtained as

· NT · ·
N · −H M
· −HT H̃ ·

















The traditional local iterative scheme can be adopted for solving Eq. (3.20). From the third











N∆q + M∆ζ + HH̃−1Qn
)
.
However, if H is square and invertible, the stress interpolation parameter α could be directly





It could be seen that α only depends on the material stress σ̃ and can be computed immediately
after updating the material state. Since the equilibrium is enforced, the corresponding residual
simply equals to zero,
Qn = 0.
Meanwhile, ∆β can be directly obtained from the second equation as
∆β = Ñ∆q + M̃∆ζ, (3.22)
in which Ñ = H−1N and M̃ = H−1M.
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U = ÑTH̃Ñ, V = M̃TH̃M̃, W = ÑTH̃M̃. (3.23)






which leads to the final expression of the equivalent stiffness K
K = U −WV−1WT, (3.25)
while the equivalent resistance R is
R = Pn −WV−1Fn. (3.26)
It should be noted that the above procedure can largely reduce computation cost but is only
valid for an invertible H. It is, in general, easy to construct a valid H. Otherwise a standard
condensation should be conducted on Eq. (3.20). Another major difference between those two
procedures is that the standard condensation requires H̃ to be invertible while the presented
one requires V to be invertible. Noting that V is a smaller matrix, it is less likely for V to be sin-
gular compared to HH̃−1HT. Stability could be potentially improved with the new procedure.
3.4.4 Implementation Algorithm
For state determination at the element level, here a non-iterative scheme is presented in
Algorithm 1 where wi denotes the overall numerical integration weight that could include
original integration weight, element thickness and determinant of the Jacobian matrix at the
corresponding integration point.
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It should be noted that H, M, N, M̃ and Ñ are all constant matrices. Once the corresponding
shape functions are chosen, they could be readily computed, stored and later used in analyses.
Meanwhile, U, V and W solely depend on the material tangent Ẽ that should be computed ac-
cording to given strain ε and/or other variables. Accordingly, they could be initialized, stored
and updated as element level history variables during iterations.
Algorithm 1: state determination at element level
Input: ∆q, qn, αn, βn, ζn, Vn, Wn
Output: K, R, qn+1, αn+1, βn+1, ζn+1, Vn+1, Wn+1
initialize constant matrices if necessary;
compute ∆ζ = −V−1n MTαn − V−1n WTn ∆q; // Eq. (3.24)
compute ∆β = Ñ∆q + M̃∆ζ; // Eq. (3.22)
update qn+1 = qn + ∆q;
update ζn+1 = ζn + ∆ζ;
update βn+1 = βn + ∆β;
forall integration points do





n+1 from material models;
assemble H̃n+1 = ∑ wiφi,Tε Ẽin+1φiε;
assemble S̃n+1 = ∑ wiφi,Tε σ̃in+1;
end
compute αn+1 = H−TS̃n+1; // Eq. (3.21)
update Un+1, Vn+1, Wn+1 using H̃n+1; // Eq. (3.23)
compute K = Un+1 −Wn+1V−1n+1WTn+1; // Eq. (3.25)
compute R = Nαn+1 −Wn+1V−1n+1MTαn+1; // Eq. (3.26)
return;
3.5 CONSTRUCTION OF INTERPOLATIONS
3.5.1 Displacement
As a conventional approach, the translational part of displacement field ut is interpolated
by nodal translations via an isoparametric mapping, that is,
φt =
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

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(1 + ξξi) (1 + ηηi) ,






in which qt =
[
u1 v1 u2 v2 u3 v3 u4 v4
]T
consists of translational nodal displace-
ments.
For the drilling part ud, the corresponding shape functions can be in fact arbitrarily chosen






Since the bilinear terms have already been included in the translational part, higher order terms
could be picked in ud. One possible choice is a serendipity-like basis. Mimicking a similar form
used for φt, φd can be written as
φd =
N̄1 0 N̄2 0 N̄3 0 N̄4 0
0 N̄1 0 N̄2 0 N̄3 0 N̄4
 (3.29)
with
N̄1 = 1− ξ2, N̄2 = η − ξ2η, N̄3 = 1− η2, N̄4 = ξ − ξη2. (3.30)
Accordingly, d consists of eight generalized interpolation parameters that do not need to pos-
sess any physical meaning, although with Eq. (3.30), they correspond to the displacement val-
ues of centres of four edges.
d =
[
d1 d2 d3 d4 d5 d6 d7 d8
]T
.
For the boundary version uθ , to satisfy the imposed C1 continuity requirement, it is feasi-
ble to choose the Hermite interpolation or other parametric curves (e.g., splines) as the shape
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functions. Here in this work a Hermite-type curve constructed by two nodal rotations θi are






















s3 + s2 − s− 1
)
,
where the edge label lj is also used to denote the length of that edge and −1 6 s 6 1 is the
parent coordinate. There are several methods to transform the displacement wj from the local





















where ψj is the inclination of the edge. Other curves may be used as substitutes. Additional







FIGURE 3.2. illustration of coordinate systems
Now Eq. (3.8) can be established explicitly. It provides eight independent constraints, which
























The integrations can be performed analytically for both uθ and ud. By collecting all equations
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and rearranging them into a matrix form, one obtains
Gd = Qθ, (3.32)
with θ =
[
θ1 θ2 θ3 θ4
]T



















Ñ1 Ñ2 · ·
Ñ1 Ñ2 · ·
· Ñ1 Ñ2 ·
· Ñ1 Ñ2 ·
· · Ñ1 Ñ2
· · Ñ1 Ñ2
Ñ2 · · Ñ1





























Assume G is invertible, then
d = G−1Qθ, (3.34)
inserting Eq. (3.34) into Eq. (3.28), ud can eventually be expressed by θ, which consists of four
nodal rotations.
ud = φdd = φdG−1Qθ. (3.35)
Then Eq. (3.3) can be reinterpreted by qt and θ,











The order of q could be rearranged to fit the corresponding DoF encoding rule. As there is
no additional constraint imposed, G could be singular, hence a careful construction of φd is
38
UNIVERSITY OF CANTERBURY THE GCMQ AND SGCMQ ELEMENTS
required to avoid singularity.
3.5.2 Stress
The stress modes can be derived from the Airy stress function, which is a common practice









α1 α2 α3 · · · α11
]T
and φσ can be explicitly shown as in Eq. (3.38),
φσ =

1 0 0 0 y 0 x 0 2xy −x2 2y2 − x2
0 1 0 x 0 y 0 2xy 0 2x2 − y2 −y2
0 0 1 0 0 −x −y −x2 −y2 2xy 2xy
 . (3.38)
The chosen φσ is complete up to order two. Compared to the one adopted by Fu et al. (2010),
which can be referred to for a detailed derivation, the last two columns are however different
— a symmetric pair is chosen here. Once the Jacobian matrix is known, σ can be conveniently
expressed in terms of parent coordinates ξ and η.











FIGURE 3.3. corresponding stress patterns of selected terms
sponding Airy stress terms are also shown in the same figure. For conventional FEM analyses,
external loads are typically applied as (or converted to) concentrated nodal forces. This leads
to a low-order distribution of stress field within the element domain. However, a constant or
(incomplete) bilinear interpolation, as commonly adopted in existing elements, is not sufficient
to properly describe stress distributions in certain loading cases. With a quadratic distribu-
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tion, as can be seen in the figure, most stress patterns in loaded panel-like structures (without
boundary tractions) can be covered.
3.5.3 Strain





= φεβ = Cφσβ, (3.39)
with β =
[
β1 β2 β3 · · · β11
]T
. Mathematically, C is a constant matrix. In this sense, any
constant matrices can be adopted, despite not all of them have physical meanings and perform





0 0 2 + 2ν
 . (3.40)
In such a manner, the Poisson effect can be correctly described. For the plane strain case, ν
shall be replaced by ν/(1− ν). In anisotropic cases, for example orthotropic models, C could
be modified accordingly by introducing additional material constants.
The purpose of C is to bond interpolation parameters β to physical deformation. For exam-
ple, the first three parameters (β1, β2 and β3) now represent uniform tension along two global
axes and the uniform shear deformation of the element. Practically the variability of Poisson’s
ratio is often ignored, hence a constant around 0.3 can be used for both elastic and elasto-plastic
applications, if the element formulation has no access to material constants.
An identity matrix could be chosen as C for simplicity. In that case, only one of φε = φσ
needs to be stored, although the resulting element is no more insensitive to volumetric locking.
This can be predicted theoretically. Without C, the interpolated strain field cannot describe
an isochoric deformation for arbitrary interpolation parameters β. For example, consider an





















x − ε∗y, εy = ε∗y − ε∗x.
Obviously, the corresponding volumetric strain is zero for any β. The presence of C allows the
interpolated strain field to describe equivoluminal deformation. This explanation is consistent
with the statement given by Belytschko et al. (2014, see pg. 500), who wrote: to avoid locking, the
strain field must be isochoric throughout the element for any velocity field which preserves the volume of
the element.
Alternatively, the strain and stress fields can also be interpolated in the parent coordinate
system and then transformed back to the global frame in the corresponding integrals. Since the
complete polynomials are chosen as the shape functions, φσ and φε should be complete in both
coordinate systems.
3.5.4 Enhanced Strain
Instead of the aforementioned full orthogonality condition, to pass the patch test, the en-










σ∗,Tε̂ dV = 0,
where σ∗ denotes a constant stress field that is frame invariant. Noting that ζ should be ar-
bitrary and ε̂ needs to be transformed into the global reference frame when evaluating the





ε̂ dV = 0, (3.42)
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that by default φε̂ denotes the interpolation in the parent coordinate system. The required φ
g
ε̂
can be obtained by the following transformation
φ
g
ε̂ = F0φε̂, (3.43)
where F0 is the transformation matrix that depends on the corresponding Jacobian J0 evaluated
at ξ = η = 0.
























J11 J12 J21 J22 J11 J22 + J12 J21
 . (3.44)
Since F0 is constant, Eq. (3.42) becomes
∫
V
φε̂ dV = 0. (3.45)
For the final stiffness matrix to be non-singular, the following condition should be met,
nσ > nu + nε̂ − nr, (3.46)
in which nσ, nu, nε̂ are the numbers of modes of corresponding fields and nr is the number of
rigid body modes. In this work, nσ = 11, nu = 8 + 4 = 12 and nr = 4 (instead of 3 due to that
the rotation field is assumed to be an independent field), this leads to nε̂ 6 3.
The complete cubic polynomials φ include ten terms
φ =
[
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0 0 0 0
]
. (3.48)
This indicates that terms ξ, η, ξη, ξ3, η3, ξ2η and ξη2 can be freely combined as (part of) the
enhanced strain modes. For the remaining terms, following combinations are admissible: 3ξ2−
1, 3η2− 1 and ξ2− η2. By replacing the original terms with the admissible ones, one can obtain
φ =
[
ξ η ξη 3ξ2 − 1 3η2 − 1 ξ2 − η2 ξ3 ξ2η ξη2 η3
]
. (3.49)
For the purpose of satisfying Eq. (3.45) only, the linear combinations of any terms in Eq. (3.49)
can be used as the enhanced strain mode. This allows various modes to be created and used,
although not all possible combinations work and the performance may vary.
After extensive numerical experiments, the following modes are chosen. It shall be noted








To integrate a cubic function, theoretically a two-point Gaussian quadrature is sufficient.
However, for the proposed GCMQ element, a 2× 2 scheme can only provide six constraints
while the total number of DoFs is twelve with four rigid body modes*. To avoid additional
treatments (e.g., isolation and suppression of zero energy modes), the number of integration
points shall increase. The simplest solution is to use the 3× 3 Gaussian or Lobatto quadratures.
In fact, to provide two more constraints, only one additional integration point is required.
Hence it would be appealing if a five-point scheme (instead of a nine-point scheme) can be
applied as in that case, the computation cost could be roughly halved.
Irons (1971) proposed a class of quadrature rules for 3D applications, the six-point version
*The additional one rigid body mode is caused by the independent rotation field.
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has a cubic accuracy and can be expressed as
∫




wiFi = wF (±1, 0, 0) + wF (0,±1, 0) + wF (0, 0,±1) , (3.51)
with w = 4/3. It is possible to project the cube onto ξη plane by compressing the third axis ψ.
Then Eq. (3.51) becomes
∫




wiFi = wF (±1, 0) + wF (0,±1) + 2wF (0, 0) (3.52)
with a halved weight w = 2/3. Since Eq. (3.51) has a cubic accuracy (Irons, 1971), Eq. (3.52)
should also possess an equivalent truncation error of O(h4).
Three versions that use different integration schemes are provided with GCMQ, which are
GCMQI(rons), GCMQL(obatto) and GCMQG(auss). As can be seen in the next chapter, no
significant difference is observed among three schemes with dense mesh configurations. But
different results could be given with very coarse mesh grids.
3.7 MASS MATRIX
Either consistent or lumped mass matrices can be used in analyses. The standard concen-
tration methods can be applied. According to the finite element formulation, the mass matrix
can be computed based on the integration of displacement shape functions. Such a formula-
tion is known as the consistent (to displacement) mass matrix. In GCMQ, using the previous





Noting that the symbols used here have different meanings, here M is the element mass matrix.
It shall be stressed that all three integration schemes only under-integrate the mass matrix,
which has terms up to sixth order, as N = φu contains cubic order terms. This may not be a
major problem as in most cases the lumped mass is used.
It is known that omitting rotational inertia has little impact on the accuracy of computed
lower mode frequencies for normal finite element meshes. By setting the four drilling diagonal
terms to zeros, Eq. (3.53) becomes the consistent mass matrix of the bilinear quadrilateral ele-
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ment (Q4) with additional zero fill-ins. It shall be noted that such a reduced mass matrix and
its lumped companion are only positive semi-definite.
Apart from the above two consistent formulations, the corresponding lumped versions can
also be adopted to save storage. There are a few different lumping approaches. The diagonal
scaling approach is one of them and it uses the following expression.
M̄ij =
 αMij, i = j,0, i 6= j, (3.54)
where M̄ is the lumped version of the consistent mass matrix M and α is the scaling factor
and shall be properly determined so that the total mass along each direction equals the mass
of the element. An illustration of entry patterns of different mass formulations can be seen in
Fig. 3.4. It would be preferable to have a positive definite (non-singular) mass matrix so that
consistent mass
consistent mass
without drilling lumped mass
lumped mass
without drilling
FIGURE 3.4. entry patterns of different mass matrices
the frequencies of the corresponding model are well bounded. A singular mass matrix may not
be an issue for dynamic applications in structural engineering which are mostly subjected to
low frequency excitations, however, it would make a significant impact on wave propagation
applications where high frequency response matters. This may also affect the stability of some
time integration methods such as the central difference method, in which the global mass ma-
trix shall be full ranked in the absence of damping matrix. Standard dynamics textbooks (e.g.,
Chopra, 2011) are referred to here for more details.
3.8 COST ESTIMATION
To estimate the computational cost, here the number of multiplications is counted for each
operation. There are various algorithms in existing literature to compute the product of ma-
trices. For two n× n matrices, the lower bound of arithmetic operations is commonly known
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to be O(n3). The currently known best upper bound is O(n2.3728639). For a rough estimation,
here the lower bound is used so that for the product of two matrices of sizes i × j and j × k
respectively, the number of scalar multiplications required is simply i× j× k.
For both five-point and nine-point integration schemes, the required numbers of arithmetic
multiplications for various numbers of enhanced strain modes are shown in Table 3.1. The
efficiency of a single GCMQ element is comparable to that of Q8 (second order serendipity
quadrilateral element, CPS8 in ABAQUS notation), in particular, GCMQ is slower than Q8R
with reduced integration but faster than Q8 with full 3× 3 integration scheme. Given that
GCMQ has a smaller number of DoFs, the corresponding global matrix has a smaller size which
leads to a faster solving process. It could be concluded that GCMQ is more efficient than Q8 in
terms of overall performance.
TABLE 3.1. multiplication operation counter
operation 1 enhanced mode 2 enhanced modes 3 enhanced modes
∆ζ = − [V IF]n − [V IWT ]n ∆q 1× 12× 1 2× 12× 1 3× 12× 1
∆β = Ñ∆q + M̃∆ζ 11× 12× 1 + 11× 1× 1 11× 12× 1 + 11× 2× 1 11× 12× 1 + 11× 3× 1
εin+1 = φ
i
εβn+1 3× 11× 1
H̃n+1 = ∑ wiφi,Tε Ẽin+1φiε 11× 3× 11 + 3× 3× 11
S̃n+1 = ∑ wiφi,Tε σ̃in+1 11× 3× 1
αn+1 = H−TS̃n+1 11× 11× 1
Vn+1 = M̃T H̃M̃ 1× 11× 11 + 11× 11× 1 2× 11× 11 + 11× 11× 2 3× 11× 11 + 11× 11× 3
Tn+1 = ÑT H̃ 12× 11× 11
Wn+1 = Tn+1 M̃ 12× 11× 1 12× 11× 2 12× 11× 3




n+1 1× 1× 12 2× 2× 12 3× 3× 12
[V IF]n+1 = V
−1
n+1 M
Tαn+1 1× 1× 1 + 1× 11× 1 2× 2× 1 + 2× 11× 1 3× 3× 1 + 3× 11× 1
K = Tn+1
(
Ñ − M̃ [V IWT ]n+1
)
12× 11× 12 + 11× 1× 12 12× 11× 12 + 11× 2× 12 12× 11× 12 + 11× 3× 12
R = Nαn+1 −Wn+1 [V IF]n+1 12× 11× 1 + 12× 1× 1 12× 11× 1 + 12× 2× 1 12× 11× 1 + 12× 3× 1
five-point summation 6626 7217 7824
nine-point summation 8738 9329 9946
3.9 SECTION RESULTANT FORCES
Engineers are more interested in section resultant forces as from which useful information
can be extracted to guide structure design. By definition, section resultant forces, including
moment M, axial force F and shear force V, can be obtained by integrating the stress field σ
over the target section, which degenerates to a line in a 2D scenario. Since the proposed GCMQ
element explicitly interpolates the stress field, the corresponding integration is possible.
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For any section within the element domain, three resultant forces could be expressed as
F =
∫
σw dA, V =
∫
τs dA, M =
∫
s · σw dA, (3.55)
in which s and w are local coordinates of the target section/line, σw and τs are two stresses
acting along corresponding directions. The w axis points to the outer normal direction while
the s axis coincides with the section inclination. Since a uniform thickness t is assumed, dA










FIGURE 3.5. definitions of reference frames
Here only the edge 2 that connects node 2 and 3 is discussed for illustration. Fig. 3.5 shows
the definitions of three different reference frames: the global coordinate system x-y, the parent
coordinate system ξ-η and the local coordinate system s-w for edge 2. In this case, s and η are















 l22 m22 2l2m2
−l2m2 l2m2 l22 −m22
 , (3.57)
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where l2 = cos θ2 and m2 = sin θ2 are directional cosines with θ2 denotes the anticlockwise
angle measured from x-axis to w-axis. The subscript n = 1, 2, 3, 4 denotes four edge labels.
The transformation matrix Ln can be easily derived from the free body diagram of a wedge
subjected to given stress status σ. It shall be stressed that the original φσ is a function of global
coordinates x and y, while in Eq. (3.56) it is expressed as a function of the parent coordinates
ξ and η. The transformation between parent and global coordinates is given by the Jacobian
matrix that is available via isoparametric mapping.
























η · σw dη.
Since Ln is a constant matrix for each boundary, they can further be expressed as
F2
V2















The symbol L(1)2 denotes the first row of L2. The matrices C2 and D2, that contain up to cu-
bic terms, can be precisely evaluated by a two-point Gaussian scheme. For other edges, the
transformation can be derived in a similar fashion. A closed form of above resultant forces is
available only if the shape of element is a parallelogram or rectangle.
It shall be emphasised that since the resultant moment is computed per edge, it is less mean-
ingful when several elements are defined side by side, in which case, further post-processing
is required in order to obtain a section resultant moment. It is useful when there is only one
element defined along the width of the wall. The resultant axial and shear forces are sectional
equivalences of the corresponding stress components. Since the interpolated stress field satis-
fies equilibrium, the resultant forces obtained in this way also satisfy force equilibrium.
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3.10 A SIMPLIFICATION OF GCMQ
For seismic engineering related applications with complex materials, such as reinforced
concrete, the additional improvement of performance (around a few percent) brought by the
enhanced strain field ε̂ is disproportional to its cost. Meanwhile, the overall numerical per-
formance also largely depends on the material models used. A cost efficient element is thus
of more interest. To this end, the original functional Eq. (3.11) can be further simplified by
omitting the enhanced strain field, which results in the following governing functional.




W (ε) + σT (∇u− ε)
]
dV −Πbt (u) . (3.60)
Eq. (3.60) is identical to the Hu-Washizu variational principle, although u now consists of the
contributions of both translational and drilling degrees of freedom.
Based on the above simplification, a new element, denoted as SGCMQ (Simplified GCMQ),
can be derived. The derivation resembles the original one for GCMQ. Here a brief summary is
presented solely for completeness. By taking variations of Eq. (3.60) and linearising the result
using the following discretisations,
u = φuq, σ = φσα, ε = φεβ,
where q, α and β are interpolation parameters for displacement, stress and strain, respectively.
Meanwhile, φu, φσ and φε are the corresponding interpolation functions that are chosen to be
identical to that of GCMQ.




















φTσ φεdV, H̃ =
∫
V
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in which Ẽ is the material tangent stiffness and L is the gradient operator.
With an invertible H, the equivalent stiffness K can be simply expressed as
K = NTH−TH̃H−1N.





Eq. (3.63) has a form similar to that of traditional displacement based elements. As a result, no
element level matrix operations are required. The numerical cost of such a simplified element
is only about 2 to 3 times of that of Q4. Meanwhile, with a form of Eq. (3.63), it is possible to
formulate planar shell elements by combining other high performing plate elements into the
formulation in a relatively independent manner.
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Analytical Validations of GCMQ
The analytical validations and performance benchmarks of GCMQ are the main focuses
of this chapter. Isotropic linear elastic materials are used in all examples presented in this
chapter. Certain assumptions are made to properly simulate the correct boundary conditions.
For most examples, analytical solutions obtained in accordance with the theory of elasticity are
also given. For the problems with no analytical solutions, mesh refinements are performed to
obtain converged values which are used as reference solutions.
Part of this chapter is published in the journal paper A New Drilling Quadrilateral Membrane
Element With High Coarse-Mesh Accuracy Using A Modified Hu-Washizu Principle (Chang et al.,
2019a) with International Journal for Numerical Methods in Engineering.
4.1 EIGENANALYSIS
Before presenting benchmarks, the eigenanalysis is performed to reveal zero energy modes
and deformation patterns, which are shown in Fig. 4.1. A unit square GCMQI element is used
to formulate the stiffness matrix. The other integration schemes may give slightly different
values.
The first four modes are zero energy modes with trivial eigenvalues, which correspond
to two translations, one rigid rotation and one additional pure distortion mode due to the
presence of drilling degrees of freedom. Modes 5, 6 and 7 are combined modes that are mainly
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mode 1 mode 2 mode 3 mode 4 mode 5 mode 6
mode 7 mode 8 mode 9 mode 10 mode 11 mode 12
FIGURE 4.1. eigenmodes of the proposed GCMQ element
governed by distortion (rotation). Modes 8, 9 and 11 are the counterparts that are dominated by
translation. The remaining two are one pure shear (mode 10) and one dilatation (mode 12). The
coupling between translation and drilling DoFs can be isolated by applying recombinations of
eigenvectors. It shall be stressed that the recombined modes 5, 6, 7, 8, 9 and 11 shown in Fig. 4.2
are not eigenvectors.
mode 1 mode 2 mode 3 mode 4 mode 5 mode 6
mode 7 mode 8 mode 9 mode 10 mode 11 mode 12
FIGURE 4.2. recombined basic deformation modes
4.2 THE PATCH TEST
Patch Test I
As a convention adopted widely in finite element development, the patch test (Irons, 1966)
is first presented as an elementary example. The model defines four elements in a rectangular
panel as shown in Fig. 4.3.
Given that the drilling part ud is interpolated with a higher order function, to generate a con-
stant strain field, the corresponding DoF has to be trivial, that is θ = 0. Once ud is suppressed,
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1 rotation constrained: 1 2 3 4 6 7 8 9
E = 10, ν = 0.25, b = 2, h = 2, t = 1
FIGURE 4.3. constant strain patch test a
the only displacement component left is ut which is identical to the conforming displacement
field in Q4. For convex mesh grids, linear displacement field and constant strain/stress field
can be successfully recovered by all three versions of GCMQ. The Irons and Lobatto schemes do
have numerical stability issues with concave geometries as some integration points are located
on element boundaries, while the Gauss scheme has no such problems.
Patch Test II
FE model shown in Fig. 4.4 gives identical result u4 = u14 = 0.6 to the analytical one.
Meanwhile, altering the position of any edge and/or internal node does not affect the result.
Other forms of constant strain patch test (see, e.g., MacNeal and Harder, 1985) also give exact
analytical solutions. Hence it can be concluded that GCMQ can pass the patch test.
1 2 3 4
5 6 7
8 9 10
11 12 13 14
P = 1.5
P = 1.5




DoF 1 constrained: 1 5 8 11
DoF 2 constrained: 1
DoF 3 constrained: 1 2 3 4 5 8 11 12 13 14
E = 10, ν = 0.25, b = 3, h = 6, t = 1




FIGURE 4.4. constant strain patch test b
4.3 CONVERGENCE
4.3.1 Curved Beam
Convergence can be illustrated by mesh refinements with examples that can be solved ana-
lytically. Fig. 4.5 shows a curved beam subjected to end force. The deflection of the free end is
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mesh a mesh b mesh c mesh d







(a2 − b2) + (a2 + b2) ln b
a
. (4.1)
The derivation can be seen elsewhere (Timoshenko, 1970). For the geometry and material prop-






(102 − 152) + (102 + 152) ln 1.5 · π ≈ 90.41. (4.2)
It shall be noted that the above analytical solution is obtained by applying traction boundary
condition
∫
τ dA = P on the free end, the actual distribution of τ is unknown. In the following
numerical examples, a uniformly distributed shear force is assumed.
TABLE 4.1. averaged tip deflection and error of a curved beam
mesh a mesh b mesh c mesh d
element v % v % v % v %
Q4 22.36 75.27 57.90 35.96 79.29 12.30 87.26 3.49
PS 51.16 43.42 84.52 6.52 88.41 2.20 89.79 0.68
QE2 51.32 43.23 84.53 6.50 88.41 2.20 89.79 0.68
GQ12 83.70 7.42 89.07 1.48 89.81 0.66 90.20 0.23
US-ATFQ4 - - 86.30 4.54 - - - -
AGQ-I - - 91.88 -1.63 - - - -
AGQ-II - - 86.93 3.85 - - - -
GCMQI 85.31 5.64 87.17 3.58 89.88 0.58 90.26 0.16
GCMQL 85.52 5.40 88.74 1.84 89.94 0.51 90.26 0.16
GCMQG 86.72 4.08 89.83 0.64 90.05 0.39 90.27 0.15
SGCMQI 85.30 5.65 87.16 3.59 89.88 0.59 90.26 0.17
SGCMQL 83.68 7.44 86.85 3.94 89.85 0.62 90.26 0.17
SGCMQG 84.46 6.58 88.23 2.41 89.97 0.49 90.27 0.15
ref. 90.41
Numerical results and comparisons with other elements are presented in Table 4.1. For the
not-even-close-to-geometry mesh grid with only two elements defined, the error is around 5 %
which is acceptable. This indicates GCMQ has a relatively good performance under coarse
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mesh configurations.
4.3.2 Cook’s Skew Beam
The skew beam (Cook, 1987) shown in Fig. 4.6 is a popular example used to evaluate the





t = 1, F = 1,
E = 1, ν = 1/3. mesh a mesh b mesh c
FIGURE 4.6. Cook’s skew beam
TABLE 4.2. averaged tip deflection and error of Cook’s skew beam
mesh a mesh b mesh c
v error % v error % v error %
Q4 5.97 75.1 11.85 50.5 18.30 23.6
Q8 17.14 28.5 22.72 5.2 23.71 1.0
PS 16.73 30.2 21.13 11.8 23.02 3.9
GQ12 16.25 32.2 20.89 12.8 23.06 3.8
GQ12M 20.31 15.2 21.69 9.5 23.30 2.8
QE2 19.13 20.2 21.35 10.9 23.04 3.8
D-Type 14.07 41.3 20.68 13.7 22.98 4.1
HSFQ4 21.01 12.1 22.55 5.9 23.44 2.2
Pimpinelli (2004) 15.95 33.4 21.02 12.3 23.01 4.0
Choi et al. (2006) - - 22.55 5.9 23.44 2.2
Madeo et al. (2012) - - 22.14 7.6 23.42 2.3
Boutagouga (2016) - - 22.09 7.8 23.30 2.8
Zouari et al. (2016) - - 21.37 10.8 23.06 3.8
US-ATFQ4 - - 22.76 5.0 23.43 2.2
GCMQI 19.94 16.8 22.03 8.0 23.41 2.3
GCMQL 19.21 19.8 22.03 8.0 23.43 2.2
GCMQG 19.19 19.9 22.41 6.5 23.52 1.8
SGCMQI 19.71 17.7 21.93 8.5 23.39 2.4
SGCMQL 17.89 25.3 21.89 8.7 23.41 2.3
SGCMQG 18.00 24.9 22.30 6.9 23.51 1.9
ref. 23.96
Numerical results are shown in Table 4.2. Similar to the previous curved beam, GCMQ
shows a good coarse mesh accuracy. For a 4× 4 mesh grid, GCMQ can produce the best result
when compared to all existing four-node membranes. Since the distribution of the end force
is not given, a uniformly distributed pattern is assumed. Better results can be obtained by
averaging tip deflections for dense mesh grids.
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4.4 IRREGULAR AND BAD GEOMETRY
4.4.1 MacNeal’s Thin Beam
The MacNeal’s thin beam (MacNeal and Harder, 1985) shown in Fig. 4.7 is a classic example,
the dimension of which is 0.2× 6.0. Three different mesh grids are employed. The aspect
ratio of each element is around 5. Poor results may be generated by certain elements that










ν = 0.49, 0.499, 0.4999
FIGURE 4.7. MacNeal’s thin beam
are shown in Table 4.3. It should be noted that to reveal more significant figures, the original
material properties are slightly changed here. It should also be noted that the moment load
is applied as both force pair (force on the first DoF) and ‘moment’ (force on the third DoF).
Clearly, all three versions of GCMQ do not show any sensitivity to large aspect ratios. Although
accuracy varies slightly with different mesh grids, the largest error is less than 4 % (GCMQL
with parallelogram mesh). Such an attribute allows more flexible mesh generation, as well as
better overall performance and efficiency due to potentially fewer elements required.
TABLE 4.3. tip deflection of plane stress MacNeal’s thin beam
shear force moment as force pair moment as moment
mesh a mesh b mesh c mesh a mesh b mesh c mesh a mesh b mesh c
GCMQI 1.0733 1.0488 1.0654 0.0540 0.0538 0.0537 0.0534 0.0543 0.0519
GCMQL 1.0733 1.0464 1.0665 0.0540 0.0537 0.0539 0.0534 0.0543 0.0521
GCMQG 1.0733 1.0467 1.0638 0.0540 0.0536 0.0538 0.0534 0.0538 0.0524
ref. 1.0812 0.0540 0.0540
4.4.2 Mesh Distortion
Mesh distortion is undesirable in general but cannot be avoided, especially for complex
geometries. A simple cantilever beam with two elements defined is used to benchmark the
sensitivity to mesh distortion. The model is shown in Fig. 4.8.
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FIGURE 4.8. cantilever beam with mesh distortion
To exactly model the fixed boundary condition, a trivial Poisson’s ratio is used. For pure





1× 102 × 6
1× 1× 23 = 75, (4.3)
which is identical to the solution given by the Euler beam theory. Similar to previous exam-
ples, the moment M can be applied as either force pair or conjugate ‘moment’. The parameter
e controls the degree of distortion and ranges from −5 to 5. Varying it gives the following re-


















































































(B) load applied as moment
FIGURE 4.9. averaged tip deflection error in the mesh distortion test
centre is also plotted, which appears to be not informative about the degree of mesh distortion.
Noting that the exact analytical solution is given with the absence of Poisson’s effect, GCMQ
can precisely describe the bending response of Euler-Bernoulli beams. Clearly, GCMQ is not
fully insensitive to mesh distortion. However, compared to other elements (cf. Cen et al., 2015),
the overall accuracy of GCMQ is good, especially with the Lobatto integration scheme. For all
three versions, when |e| 6 1, viz., the smallest internal angle is greater than 45°, slight accuracy
degradation is observed which indicates GCMQ is almost insensitive to mesh distortion with
similar mesh configurations. Such a threshold can be relaxed to even |e| 6 2, which corre-
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sponds to a rarely seen element geometry in practical simulations. Practically, as long as the
mesh grid is not extremely distorted, sensitivity to mesh distortion is in general not a problem.
Isoparametric mapping is known to be one of the reasons that cause sensitivity to mesh
distortion (Lee and Bathe, 1993). The latest approach to address this problem is the area coor-
dinate method (Long et al., 2010). However, the resulting elements cannot pass the C0 patch
test. Some asymmetric elements (e.g., Cen et al., 2015) can also address this problem, but their
asymmetric feature may be undesired in some cases.
4.5 STRESS FIELD
4.5.1 Felippa’s Beam
Felippa’s beam (Felippa, 1966) is a cantilever beam subjected to parabolic end shear. The







E = 30000, ν = 0.25, t = 1
mesh a mesh b
FIGURE 4.10. cantilever beam with regular mesh
Numerical results are shown in Table 4.4. For mesh a, the stress result is identical to the
analytical one. For mesh b, as the stress field is discontinuous between elements, two different
values are given by two adjacent elements at the same point. However, the averaged value 60,
as given in the table, equals the analytical solution.
TABLE 4.4. displacement and stress results of Felippa’s beam
mesh a mesh b
vtip σx,a vtip σx,a
GCMQI(L) 0.3333 60 0.3493 60
GCMQG 0.3333 - 0.3493 -
ref. 0.3558 60
Since GCMQG does not use corner nodes as integration points, stress results are not shown
here. But it is always possible to use interpolation parameter α to recover the corresponding
stress distribution.
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4.5.2 Plate With Circular Hole
For a sufficiently large plate with a circular hole subjected to uniform tension as shown in
Fig. 4.11, the stress distribution around the hole can be obtained by the Kirsch’s solution (see





FIGURE 4.11. plate with circular hole




























where ρ is the polar coordinate.
A quarter of the plate is analysed using the following mesh grids and a plane stress isotropic
elastic material model with Young’s modulus of E = 1000 and Poisson’s ratio of ν = 0.2. To
mesh a mesh b mesh c
FIGURE 4.12. mesh grids for plate with circular hole
avoid any potential ambiguity in stress averaging process, here only GCMQI and GCMQL are
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presented as GCMQG requires extrapolation. All stress values are directly obtained without
any post-processing. Finite element results are shown in Fig. 4.13. Due to finite element dis-
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(B) horizontal stress σx distribution at x = 0
FIGURE 4.13. stress prediction for plate with circular hole
cretization, the exact Kirsch’s solution cannot be obtained. However, numerical solution stays
close to analytical one and with mesh b, a relatively accurate result is obtained. Mesh a is
simply too coarse to map Eq. (4.4) and Eq. (4.5), although the error is still bounded within a
reasonable range. The work by Madeo et al. (2014) is referred to here for more comparisons
between numerical and analytical solutions.
Furthermore, as the mesh grid becomes denser, GCMQI tends to produce the same stress
field as of GCMQL. This means, if a dense mesh grid is used, analysts could consider to use
GCMQI instead of GCMQL for better efficiency, if stability is not an issue. Compared to tradi-
tional displacement based elements, as there is no additional treatment required for recovering
the strain and stress fields, GCMQ omits uncertainties that exist in most strain/stress averag-
ing methods, which often lead to less accurate results by their nature, and further simplifies
numerical analysis work flow. For a moderately smooth stress distribution, it can be seen that
the interpolated field is reasonable and relatively accurate even with a coarse mesh grid. How-
ever, for an extremely discontinuous stress field, which is quite common in elasto-plastic cases,
a point-wise accurate stress field is in general not achievable without mesh refinements.
4.6 VOLUMETRIC LOCKING
Volumetric locking arises in (near) incompressible problems. Completely incompressible
materials, viz., ν = 0.5, are not considered here as the corresponding elasticity matrix is un-
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bounded for common isotropic materials. For those materials, special constitutive models can
be developed, for example the Mooney-Rivlin model for rubber-like materials. Here only near
incompressible isotropic materials are considered. Plane stress problems are not valid for show-
casing the sensitivity to volumetric locking. In the following examples, the plane strain condi-
tion is applied by default.
4.6.1 Thick-Walled Cylinder
A thick-walled cylinder was first proposed by MacNeal and Harder (1985) for testing the








FIGURE 4.14. thick-walled cylinder subjected to unit pressure
The model and the corresponding mesh grid used are shown in Fig. 4.14. The analytical
solution of radial displacement is given by
u =






+ (1− 2ν) r
)
, (4.6)




(1 + ν) (5− ν) , (4.7)
Numerical results with different Poisson’s ratios are shown in Table 4.5. No volumetric
locking is observed as the error stays around the same level (3 %) for all valid Poisson’s ratios.
The numerical failure is caused by the ill-conditioned stiffness matrix, rather than the element
formulation. In fact, GCMQ accepts completely incompressible material, viz., ν = 0.5, in which
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the corresponding C matrix is well-conditioned.
TABLE 4.5. inner radial displacement of thick-walled cylinder
ν 0.49 0.499 0.4999 0.49999 0.499999 0.4999999 0.49999999
GCMQI 4.8888 4.8988 4.8997 4.8997 4.8998 4.8998 4.8998
GCMQL 4.8850 4.8942 4.8950 4.8951 4.8951 4.8951 4.8951
GCMQG 4.8852 4.8941 4.8949 4.8950 4.8950 4.8950 4.8950
SGCMQI 4.8884 4.8981 4.8990 4.8991 4.8991 4.8991 4.8991
SGCMQL 4.8848 4.8940 4.8948 4.8949 4.8949 4.8949 4.8949
SGCMQG 4.8840 4.8927 4.8935 4.8935 4.8936 4.8936 4.8936
analytical 5.0399 5.0602 5.0623 5.0625 5.0625 5.0625 5.0625
4.6.2 MacNeal’s Thin Beam
The same beam shown in § 4.4.1 is reused here with the plane strain isotropic elastic mate-
rial as the second example to investigate the sensitivity to volumetric locking. Three different
values of Poisson’s ratio are used, the corresponding numerical results are listed in Table 4.6.
TABLE 4.6. tip deflection of MacNeal’s thin beam
shear force moment as force pair moment as moment
mesh a mesh b mesh c mesh a mesh b mesh c mesh a mesh b mesh c
ν = 0.49
GCMQI 0.8159 0.7947 0.8078 0.0410 0.0408 0.0408 0.0395 0.0401 0.0386
GCMQL 0.8159 0.7956 0.8103 0.0410 0.0409 0.0409 0.0395 0.0403 0.0384
GCMQG 0.8159 0.7966 0.8102 0.0410 0.0409 0.0409 0.0395 0.0400 0.0382
ref. 0.8217 0.0410 0.0410
ν = 0.499
GCMQI 0.8063 0.7849 0.7978 0.0406 0.0403 0.0403 0.0389 0.0396 0.0381
GCMQL 0.8063 0.7861 0.8007 0.0406 0.0404 0.0404 0.0389 0.0397 0.0379
GCMQG 0.8063 0.7872 0.8007 0.0406 0.0404 0.0404 0.0389 0.0395 0.0377
ref. 0.8121 0.0406 0.0406
ν = 0.4999
GCMQI 0.8054 0.7839 0.7968 0.0405 0.0402 0.0402 0.0389 0.0395 0.0381
GCMQL 0.8054 0.7852 0.7998 0.0405 0.0404 0.0404 0.0389 0.0397 0.0378
GCMQG 0.8054 0.7862 0.7997 0.0405 0.0403 0.0404 0.0389 0.0395 0.0376
ref. 0.8111 0.0405 0.0405
No volumetric locking is observed with varying loading cases and Poisson’s ratios. As
discussed in § 3.5.3, GCMQ is expected to be free from volumetric locking. The error of each
configuration stays at about the same level for all three different Poisson’s ratios and is smaller
than that of US-ATFQ4 (Cen et al., 2015).
As aforementioned, the conjugate force of rotation (the third DoF) can be deemed as ‘nodal
moment’. However, external moments applied in this way tend to produce less accurate re-
sults, in particular, the error is about 5 % greater than that of the other cases.
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4.7 SHEAR LOCKING
Shear locking could be a problem for lower order elements. However, as long as not all
of drilling DoFs are fixed (see for example the previous eigenanalysis), it is less concerning in
GCMQ by its construction. The MacNeal’s thin beam in § 4.4.1 can be used here. With the
end shear force applied, the greatest error is about 4 %, indicating that the proposed GCMQ
element is free from shear locking.
Noting that the element formulation does not involve strain rate, it is expected that GCMQ
is free from shear locking under transient loading.
4.8 CONVERGENCE RATE
To close this chapter, the convergence rate of the proposed GCMQ and SGCMQ elements










FIGURE 4.15. L-shaped specimen with displacement load
boundary, which is shown in Fig. 4.15, is chosen to eliminate the biases introduced by different
force patterns applied on nodes.
The convergence performance of vertical resistance is shown in Fig. 4.16. The drilling de-
grees of freedom of both ends are constrained to precisely describe the corresponding boundary
conditions. Different mesh refinements show no noticeable difference among different versions
of GCMQ and SGCMQ, hence only one line is shown for brevity. The reference value is ob-
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FIGURE 4.16. vertical resistance error v.s. number of DoFs
tained by using a mesh grid of GCMQI elements with 121 503 degrees of freedom. The slope
is found to be 1.15. The theoretical convergence rate is not achievable as stated by Zienkiewicz
et al. (2013), the convergence rate of (S)GCMQ is better than Q4 but slower than Q8, approx-
imately equals to other similar elements. This is possibly due to the generalised conforming




This chapter presents all existing material models used in this work and serves as a ref-
erence. Simple models such as the von Mises model are first introduced. They are used to
investigate the performance baseline of (S)GCMQ regarding elasto-plastic applications. Since
reinforced concrete shear wall specimens are also involved in this work, models of reinforce-
ment, plain concrete and reinforced concrete are discussed, respectively. Noting that a number
of material models are discussed, each model is independent to the others so that the same
symbol may have different meanings in different models.
5.1 THE VON MISES MODEL
The von Mises model is probably the simplest plastic model and can be used to model
metals. The yield surface of which can be characterised by the following function,





in which s is the deviatoric stress, β(εp) is called the back stress that can be defined as a function
of plastic strain εp and/or other internal history variables, as is the yield stress σy(εp). An
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in which γ is the plastic consistency parameter. For hardening, a multilinear hardening rela-
tionship and an exponential form with a saturation limit are often used for isotropic hardening
σy(εp). For kinematic hardening β(εp), either linear or non-linear forms can be defined. Details
can be seen elsewhere (see, e.g., Simo and Hughes, 1998; Chaboche, 2008).
5.2 REINFORCEMENT
With a discrete simulation approach, reinforcing bars are often idealized as uniaxial ele-
ments such as trusses which adopt uniaxial material models.
The uniaxial implementation of the aforementioned von Mises model can be used to model
reinforcing bars. The Bauschinger effect can be modelled by incorporating a non-linear kine-
matic hardening rule, for example the Armstrong-Frederick rule (Frederick and Armstrong,
2007). Other popular uniaxial models include the models based on the Ramberg-Osgood re-
lationship (Ramberg and Osgood, 1943), the Menegotto-Pinto model (Menegotto and Pinto,
1973) and the Dodd-Restrepo model (Dodd and Restrepo-Posada, 1995).
The strain-stress relationship of the Menegotto-Pinto model can be expressed as

















∣∣∣εnr − εn−10 ∣∣∣
εy,0
, (n > 1). (5.4)
The other parameters are: b controls hardening, σy = σ00 and εy = ε
0
0 are initial yielding stress
and strain so that E = σy/εy defines Young’s modulus, and three dimensionless parameters
with recommended values R0 = 20, a1 = 18.5 and a2 = 0.15. ξ controls the Bauschinger effect.
It can be set to zero so that R = R0 remains unchanged for the whole loading history. As the
result, the corresponding response resembles the one of a bilinear hardening material. Addi-
tional parameters may be introduced to account for isotropic hardening (see Filippou et al.,
1983). An illustrative model is shown in Fig. 5.1. Noting that most steel models exhibit the
ratcheting mechanism which would result in the increment of the maximum strain without
increasing the maximum stress under cyclic loading.
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FIGURE 5.1. illustration of a typical Menegotto-Pinto model
If reinforcement is implemented in a smeared approach, it is in general difficult to model
bar buckling failure precisely. A popular solution is to directly modify the corresponding intact
material model by, for example, adding a degradation factor. Dhakal and Maekawa (2002)
proposed a general modification that can be used with any existing models. It shall be stressed
that bar buckling may play a vital role in modelling failure of slender walls. The degradation
part of hysteresis loops may be largely affected and controlled by bar buckling.
5.3 CONCRETE
The plastic-damage model proposed by Lee and Fenves (1998) is used to model concrete
in-plane behaviour with the assist of a plane stress wrapper. A similar model known as the
concrete damage plasticity (CDP) model, which supports user-defined backbones and degra-
dations, is available in ABAQUS.
The uniaxial backbone curve is defined as a function of the accumulated plastic strain εp by
the following expression for both tension and compression,
σℵ = fℵ
(









where the subscript ℵ can be either t or c to represent tensile and compressive properties, fℵ
is the initial yield strength, aℵ and bℵ are two parameters that control the shape of the curve.
An illustration of backbones can be seen in Fig. 5.2. Regularisations can be implemented by

































FIGURE 5.2. example monotonic backbones used in the CDP model
to be the area under the corresponding backbone. The specific fracture energy G f can be used to
control the tension softening by further defining gt = G f /lc where lc is the characteristic length
of the target element. The compression counterpart gc can be defined in a similar fashion. gt
and gc are two main model parameters that provide mesh objective response. Details can be
found elsewhere (Lubliner et al., 1989).
An isotropic damage model is adopted so the stress response is defined as





where σ̄ is the effective stress, E is the elastic stiffness, D = 1− (1− dc) (1− sdt) is a scalar
degradation factor that relies on its uniaxial version dℵ, s(σ̄) is the stiffness recovery factor.
The degradation factor dℵ, according to the original model (Lee and Fenves, 1998), is





where cℵ is a material constant that controls the rate of degradation. By definition, dℵ ranges
from zero to unity.








After some mathematical operations, dℵ and σℵ can be expressed as functions of κℵ. Hence,
κℵ controls the developments of both damage and plasticity of the model. The evolution of
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κℵ is related to the ratios among three principal stress components. Tensile and compressive
damage can evolve separately so that tension and compression backbones can have different
hardening behaviour.
For numerical implementation, parameters bℵ and cℵ are associated with the reference
degradation factors D̄c at crush strength and D̄t at 50 % of the crack stress, respectively.
The yield function is defined as
F = αI1 +
√
3J2 + β 〈σ̂1〉 − (1− α) c, (5.10)
in which I1 is the first invariant of stress, J2 is the second invariant of deviatoric stress, α is a
dimensionless constant, β(κℵ) and c(κℵ) are the cohesion related parameters, σ̂1 is the algebraic
maximum eigenvalue of stress and 〈·〉 is the Macaulay bracket.
A Drucker-Prager type function is used as the plastic potential,
G =
√
2J2 + αp I1, (5.11)
where αp is a material constant that controls dilatation.
Other recently proposed 3D concrete models, such as CDPM1 (Grassl and Jirásek, 2006)
and CDPM2 (Grassl et al., 2013), can also be used. However, some of these models may have
difficulties in deriving the corresponding consistent tangent stiffness matrices. In those cases,
some low rank update algorithms (e.g., Shanno, 1970) can be adopted to obtain secant stiffness
matrices. Noting that the state determination algorithm presented in Algorithm 1 is based on
consistent tangent stiffness, a secant version can also be derived in the case of secant stiffness
matrices.
5.4 A SIMPLE CONCRETE MODEL
A simple biaxial concrete model based on uniaxial concrete models is constructed to illus-
trate an alternative in this section. A series of work existing in current literature is adopted for
different parts of this simple model. The purpose of this section is to show a usable model for
modelling in-plane behaviour of concrete, rather than to justify if it is more accurate.
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5.4.1 Biaxial Formulation
Here a simple concrete model based on the fixed crack theory that resembles the one by





coordinate system, it can be transformed into a local coordinate system by applying a rotation
so that





. The transformation matrix P is can be expressed in terms of
rotation angle θ, that is
P =













− sin 2θ sin 2θ cos 2θ
 . (5.13)
The angle θ equals the principal angle prior to the first yield, in which case γx′y′ = 0. Once
either tensile or compressive strength is reached, θ is fixed in subsequent computation. The
local quantities can be transformed back to the global coordinate system, for example,
σ = PTσ̂. (5.14)
Accordingly, the conversion between two stiffness matrices can be expressed as
K = PTK̂P. (5.15)
For simplicity, there is no coupling between response along two orthogonal directions. So
the yield surface in 2D space is a square (Rankine type). There are other models that incorpo-
rate Poisson’s ratio in the formulation. If only one Poisson’s ratio is used, the corresponding
stiffness is not symmetric. It is also possible to treat cracked concrete as anisotropic material so
that more than one Poisson’s ratio could be adopted to better describe the post-crack behaviour.
The stress and stiffness along each local direction is computed via the corresponding uniaxial
concrete material model.
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5.4.2 Uniaxial Concrete Behaviour
There are many uniaxial concrete models in current literature (e.g., Kent and Park, 1971;
Popovics, 1973; Tsai, 1988; Chang and Mander, 1994). In this work, Tsai’s equation (Tsai, 1988)


















)n εεc , (5.16)
where m and n are two empirical parameters that control the pre-peak and post-peak shape of
the curve respectively, following values are recommended by Tsai (1988) for compression,







− 1.85 > 1, (5.18)
with fc > 0 (MPa) and εc > 0 denote the peak compressive stress and the corresponding strain,
respectively. The tension backbone is defined in a similar fashion but with modified m and n.





FIGURE 5.3. illustration of Tsai’s equation
The residual strains along both directions are computed according to the empirical equa-
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where superscripts + and − denote tension and compression respectively, fun and εun is the
maximum unload stress and strain, εt and εc are the crack and peak strains. The unload-
ing/reloading behaviour is assumed to be linear. Whenever load reversal occurs, the response
varies linearly between the corresponding residual strain point and the point that corresponds





FIGURE 5.4. illustration of hysteresis rule
Fig. 5.4 shows an illustration of the adopted hysteresis rule. The peak stress is chosen to
be close to the crack stress so that the hysteresis loop can be better seen. It thus does not
correspond to any real concrete behaviour. Other more complex hysteresis rules can be applied,
although in which small cycle behaviour can be carefully treated.
5.4.3 Shear Response
Due to the lack of a proper nonlinear shear response, a bilinear elastic relationship can be
defined. For the hardening branch, a shear retention factor β can be adopted so the hardening
modulus can be defined as βG. The corresponding yielding shear stress can be limited to a
user-defined value that may be associated with the tensile strength.
5.5 REINFORCED CONCRETE
For reinforced concrete, there are many in-plane models available, including well-known
ones such as MCFT (Vecchio and Collins, 1986), CSMM (Hsu and Zhu, 2002) and their variants.
The basic strategy adopted by those models is to decompose total strain either in the principal
space (for a rotating crack theory) or along a fixed direction (for a fixed crack theory). Each
strain component can be further split into different portions to account for various effects. Re-
inforcement is included in a smeared manner. Local phenomena such as aggregate locking,
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stress transition/concentration and dowel action, can also be considered.
However, due to that many models (MCFT, DSFM (Vecchio, 2000), FA-STM, etc.) perform
strain decompositions and use stress equilibrium as the governing equation, iterations are re-
quired to compute trial state and often only the secant stiffness is available. The overall state
updating algorithm has a very slow convergence rate (sub-linear) and often faces difficulties
in the unloading stage. For example, MCFT (at least the original version) does not define any
unloading behaviour and thus can only be used in analyses under monotonic loading.
In this work, reinforcement is modelled independently in a smeared approach. Hence in-
teractions between reinforcement and host concrete, such as dowel action, bar buckling and
confinement, are not considered (not in an discrete way but still can be accounted for by mod-
ifying material models). The total material stiffness D and stress σ can be expressed as the
superposition of concrete and reinforcement response.
D = Dc + Ds, σ = σc + σs, (5.21)
where D is the overall material stiffness, subscripts c and s denote concrete and reinforcement












where ρx and ρy are two reinforcement ratios along two axes, Ex and Ey are corresponding steel
moduli. It shall be stressed that, although the smeared approach is used, GCMQ itself does not
impose any constraint on the implementation of reinforcement. The discrete approach, or a
combined method, could be employed as well.
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6
Applications of GCMQ and SGCMQ
This chapter is aimed to present a series of performance investigations of (S)GCMQ, includ-
ing both static and dynamic applications. Noting that all examples shown are not meant for
validating the adopted material models so justifications of the corresponding model parame-
ters are not discussed.
Part of this chapter is published in the journal paper Numerical Evaluations of A Novel Mem-
brane Element in Simulations of Reinforced Concrete Shear Walls (Chang et al., 2019b) with Engi-
neering Structures.
6.1 SQUARE PANEL
A unit square panel with unit thickness is analysed by using (S)GCMQ with plane stress
condition in this section. One edge of the panel is fully fixed while a uniform shear deformation
is applied on the opposite edge. The other two are free edges. Both hardening and softening
materials are involved.
6.1.1 With Hardening Material
The linear isotropic hardening von Mises material with the following material parameters
is adopted: elastic modulus E = 30 GPa, Poisson’s ratio ν = 0.2, yield stress σy = 5 MPa and
hardening ratio b = 0.05.
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Numerical results are shown in Fig. 6.1. It can be seen that with only one element defined,
the result of SGCMQG differs from that of SGCMQI and SGCMQL. In this particular example,
stresses on two free edges are always larger than that of element interior, SGCMQG tends to be
less capable of capturing initial plasticity development due to its layout of integration points.








































(B) 2× 2 mesh
FIGURE 6.1. performance baseline of SGCMQ
With 2× 2 meshes, all three schemes give similar results, the error of base resistance is
around 8 %, which is consistent with the results of linear validations. It could thus be concluded
that SGCMQI is preferable due to its efficiency if a 2× 2 or denser mesh is used.
6.1.2 With Softening Material
The CDP model is used to model the behaviour of plain concrete subjected to end shear.
Noting that strength degradation tends to be mesh dependent, which is known due to the size
effect (see, e.g., Bažant and Oh, 1983), normalised fracture energy gt and its counterpart gc, are
strictly scaled according to their original definitions (Lubliner et al., 1989) so that mesh depen-
dence can be largely eliminated. Both GCMQ and SGCMQ are examined in this benchmark,
the corresponding numerical results are shown in Fig. 6.2. Since regularisation is supported by
the CDP model, a converged response can be obtained by performing mesh refinements.
The presence of enhanced strain field leads to different responses with very coarse (1× 1)
meshes. Such a difference is insignificant with denser mesh grids, in which case SGCMQ is
preferable for its higher efficiency. With one element defined, a reasonably accurate initial
stiffness is predicted. However, the development of plasticity is not well captured. For refined
modelling tasks, it is recommended to use 2× 2 or denser meshes.
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It is also observed that with the CDP material model, GCMQ may have some stability issues
as the quadratic convergence rate deteriorates to at most superlinear. Similar issues are not
found with other elasto-plastic materials nor with other element types. This may be relevant to












































































(D) 8× 8 mesh
FIGURE 6.2. performance baseline of GCMQ and SGCMQ
Fig. 6.3 shows the evolution of tensile damage index dt (see § 5.3). With 1× 1 meshes, the
localised deformation at left bottom corner cannot be represented as strain is averaged within
the element. As a result, the tensile damage is distributed over the left half of the element. With
mesh refinements, such an unrealistic damage distribution quickly concentrates at left bottom
corner. In conclusion, it is not practical to use only one element to perform any simulations.















FIGURE 6.3. concentration of tensile degradation index dt
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6.2 PLATE WITH CIRCULAR HOLE
The plate shown in § 4.5.2 is analysed in this section with the perfectly plastic von Mises
model. The following material properties are chosen: elastic modulus E = 1000, Poisson’s
ratio ν = 0.2 and yielding stress σy = 5. A uniform displacement load is applied on the right
boundary.
The distribution/concentration of the equivalent plastic strain ε̄p is shown in Fig. 6.4 with
three different mesh configurations (see Fig. 4.12). Due to the averaging effect, the maximum
(A) coarse mesh (B) medium mesh (C) fine mesh
FIGURE 6.4. concentration of equivalent plastic strain ε̄p
ε̄p tends to be small with coarse meshes. Concentration of plasticity development is recovered
with denser meshes. An explicit plastic band can be spotted with the medium mesh.
The resistance of the left boundary is plotted in Fig. 6.5. In all cases, three integration
schemes give very close results. With the coarse mesh, the maximum resistance is found to


























FIGURE 6.5. displacement v.s. resistance of plastic plate with circular hole
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6.3 DOUBLE EDGE NOTCHED SPECIMEN
In this section, one of several double edge notched specimens (DENS) tested by Nooru-
Mohamed (1992) is simulated by using the CDP model. This example is included to showcase
the reliability of the material model, rather than the validation of the proposed element.
The specimen has a dimension of 200 mm× 200 mm× 50 mm with a notch depth of 25 mm





FIGURE 6.6. illustration of double edge notched specimen (Nooru-Mohamed, 1992)
well as to obtain more regular element meshes, the rectangular notches are idealised as trian-
gles. The geometry of the corresponding numerical model is also shown in the same figure.
A horizontal force PH of magnitude 10 kN is applied via the rigid steel frame to generate a
constant shear state. Axial load is then applied in displacement control till failure.
(A) coarse mesh (B) medium mesh (C) fine mesh
FIGURE 6.7. concentration of tensile damage index κt at δV = 0.1 mm
Three meshes with different densities are used with SGCMQI elements to perform the sim-
ulations. It shall be noted that although it is denoted as ‘coarse mesh’, the first mesh grid
is considered dense enough for the given geometry that the difference between SGCMQ and
other membrane elements is not significant. The distributions of tensile damage index κt are
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shown in Fig. 6.7. The following material properties (Pivonka et al., 2004) are used: elastic
modulus E = 32.8 GPa, Poisson’s ratio ν = 0.2, tensile strength ft = 3.0 MPa, compressive
strength fc = 38.4 MPa and specific fracture energy GF = 0.11 N m−1.
It could be seen that the CDP model is a reliable material model for multi-scale modelling
tasks. Local responses such as concentration of damage can be recovered with mesh refinement.
Fig. 6.8 shows the distribution of major principal stress. The coarse mesh (64 elements) has a
(A) coarse mesh (B) medium mesh (C) fine mesh
FIGURE 6.8. distribution of major principal stress at δV = 0.1 mm
poor ability of describing such a strongly non-linear stress field due to the averaging attribute
of the finite element method. Some meaningful features can be spotted with the medium mesh
(256 elements). The crack frontal zone can be clearly seen with the fine mesh (1024 elements).
The major principal stress does not necessarily need to be positive for the crack to propagate.



















FIGURE 6.9. vertical displacement v.s. resistance of double edge notched specimen
perimental value, which is around 15 kN, but agrees with other numerical results (cf. Pivonka
et al., 2004). With limited material properties, the results obtained by using the CDP model are
satisfactory. It is possible to obtain better results by calibrating other material properties.
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It shall be emphasised that localised responses of reinforced concrete shear walls that engi-
neers are interested in, such as crack propagation, concrete crush and bar buckling, are impossi-
ble to be precisely predicted by any finite elements with coarse meshes with current numerical
techniques. For studies focusing on relevant topics, dense meshes with 2D (or even 3D) ele-
ments are inevitable. By the nature of their formulations, planar elements are more versatile
and advantageous than 1D elements like spring, beam, MVLEM, etc. In this sense, the effort
shall be put to improve the efficiency of planar elements.
6.4 RC SHEAR WALL SPECIMENS UNDER MONOTONIC LOADING
The specimens LSW1, LSW2, MSW1 and MSW2 reported by Salonikios et al. (1999) are
simulated in this section. Among all eleven specimens shown in the original work, the above
four are suitable for investigations of SGCMQ given that they have neither axial loads nor
diagonal rebars. The two boundaries are not heavily strengthened so a smeared representation
will not lead to great error. A schematic illustration of the specimens, along with the 2× 2 mesh
grid used, is given in Fig. 6.10. Concrete is modelled by the CDP model while reinforcement
1.2 m
1.2 m or 1.8 m
strengthed
boundary
2× 2 mesh grid
FIGURE 6.10. illustration of the specimens tested by Salonikios et al. (1999)
is modelled by the Menegotto-Pinto model in a smeared approach. Due to the absence of
details of material properties, it is difficult to calibrate unloading/reloading behaviour, hence
only monotonic envelops are shown here. The boundary columns may be strengthened, hence
average values of reinforcement ratios are used. The following properties are not changed for
all four specimens: elastic modulus E = 30 GPa, Poisson’s ratio ν = 0.2, dilatation parameter
αp = 0.2, ratio between biaxial and uniaxial compressive strengths fbc/ fc = 1.16, reinforcement
yield strength fy = 500 MPa and the corresponding hardening ratio b = 1 %. Table 6.1 shows a
summary of other material parameters used in numerical simulations.
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TABLE 6.1. summary of material parameters used in LSW1, LSW2, MSW1 and MSW2
w h t fc ft ρ concrete gt gc at ac D̄t D̄c
mm mm mm MPa MPa % kN/m2 MN/m2
LSW1 1200 1200 100 23.0 1.7 1.7 CDP 2.0 0.35 0.5 4.0 0.50 0.45
LSW2 1200 1200 100 21.0 1.5 1.3 CDP 1.0 0.20 0.5 4.0 0.55 0.60
MSW1 1200 1800 100 23.0 1.1 1.2 CDP 2.0 0.35 0.5 4.0 0.50 0.55
MSW2 1200 1800 100 23.0 1.1 1.1 CDP 1.3 0.35 0.5 4.0 0.50 0.55
The numerical simulations of monotonic backbones for four specimens with three different
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FIGURE 6.11. numerical results of LSW1, LSW2, MSW1 and MSW2
numerical results and experimental data. The initial stiffness, the maximum resistance and the
degradation branch are well captured by numerical models. SGCMQI and SGCMQL show al-
most identical results, which indicates that the five-point quadrature is sufficiently accurate for
elasto-plastic applications. The response of SGCMQG tends to differ from that of SGCMQI and
SGCMQL due to the different arrangement of sampling/integration points, the difference may
82
UNIVERSITY OF CANTERBURY APPLICATIONS OF GCMQ AND SGCMQ
vary from one model to another. Hence, SGCMQI and SGCMQG are the two main versions
analysts could choose between while SGCMQL is less preferable in terms of both accuracy and
efficiency.
Fig. 6.12 shows the evolution of tensile damage κt (see § 5.3 for definition) of MSW2 speci-
men. Since the specimen is not axially loaded, the right half of the specimen, which is initially
in compression, can eventually develop tensile damage. It can be concluded from the previous
example that a 2× 2 mesh may not be sufficient to recover local response in details. An ex-
pected concentration of local deformation can be observed with a denser mesh grid. However,
it indeed can be observed from Fig. 6.12 that tensile damage initiates at the left bottom corner,
where the maximum tensile stress occurs, and then propagates to the left half of the specimen.





















FIGURE 6.12. evolution of tensile damage variable κt of MSW2
Mesh refinement is not carried out for this particular example. Given that reinforced con-
crete is modelled as a two-phase composite while regularisation of material response is only
supported by the adopted concrete model, it is difficult to obtain objective results by solely
adjusting the behaviour of one ingredient of the composite.
It is also observed that in the above four numerical models, the reinforcement stays elastic,
the plasticity mainly occurs in the concrete. The shear failure can be naturally recovered due to
the presence of a refined 3D yield surface. Most existing 2D in-plane concrete models, which
treat normal and shear behaviour separately, would have difficulties in predicting the so called
shear-flexure interaction.
Model configurations such as element type, mesh grid size, material properties including
gt and gc (see § 5.3) may affect simulation results. The coarse mesh behaviour is investigated.
It is worth mentioning that simply scaling concrete properties may not lead to objective results
83
APPLICATIONS OF GCMQ AND SGCMQ UNIVERSITY OF CANTERBURY
as material response is now contributed to by both concrete and reinforcement. The examples
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(D) sensitivity to gc
FIGURE 6.13. sensitivity investigations with one elemnt model of LSW1 specimen
Fig. 6.13a shows the comparison between results of models using one GCMQ/Q4 element
only. The damage parameters are set to gt = 15× 10−4 N/m2 and gc = 22× 10−2 N/m2,
which are slightly above 50 % of the values used in the previous models with 2× 2 meshes.
As can be seen, with such a material configuration, GCMQ can capture loading backbones
with good agreement. No significant difference is observed among three integration schemes.
However, the model with Q4 element overestimates the maximum resistance by 25 % (337 kN
and 269 kN). In this case, mesh refinement and adjustment of material properties are essential
in order to capture a reliable response.
Fig. 6.13b, Fig. 6.13c and Fig. 6.13d show the sensitivity studies to concrete tensile strength
ft, along with damage parameters gc and gt. Generally speaking, tension associated parameters
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control the pre-peak response while compression related parameters mainly affect the post-
peak response. Although tweaking material parameters would result in different behaviour,
compared to the result of Q4 element, (S)GCMQ is able to produce backbone curves that are
close to experiment data with a wide range of different values of material properties. Again,
this is not achievable with classic finite elements such as Q4 incorporating a coarse mesh grid,
let alone the macroscopic 1D elements.
6.5 RC SHEAR WALL SPECIMENS UNDER CYCLIC LOADING
For cyclic loading cases, two specimens RW1 and RW2 (Thomsen and Wallace, 2004) are
modelled with the fixed crack concrete model (FCM) as examples. Both wall specimens have
the same geometry with an identical aspect ratio of 3. The rebar layouts of the two specimens
are similar with the gross reinforcement ratio around 0.5 %. The axial loads applied are 400 kN
for RW1 and 380 kN for RW2. Accounting for the fact that most reinforcing bars are provided
in the boundary zones in both specimens, the equivalent uniformly distributed reinforcement
ratio is increased to 0.7 % in the numerical simulations to produce a similar location of neutral
axis. A summary of the main model properties is presented in Table 6.2. It is worth noting
TABLE 6.2. summary of main material parameters used in RW1 and RW2
w h t fc ft ρ fy b concrete axial load m n
mm mm mm MPa MPa % MPa kN
RW1 1200 3600 100 40.0 2.0 0.7 400 2 % FCM 400 2.0 2.0
RW2 1200 3600 100 40.0 2.0 0.7 400 2 % FCM 380 2.0 2.0
that mesh objective response may not be available in this case, as the concrete material model
used (FCM) does not support the corresponding regularisation procedure. Adjusting material
properties with different meshes may give close results but no justification can be concluded
from such comparisons of mesh refinements.
Numerical results are shown in Fig. 6.14. SGCMQG elements with 2× 2 meshes are used
in simulations. In general, the models are able to capture cyclic response with good agreement,
although the initial stiffness is overestimated in both models. Many reasons, such as imper-
fections of specimens, flexible base-wall connections and customizable initial stiffness in the
material model used, could lead to this difference.
It could be seen that with the same loading level, there is a difference between responses of
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FIGURE 6.14. numerical simulations of specimens RW1 and RW2
the first and second cycles. This is mainly due to the concrete unloading/reloading behaviour.
The hysteresis rule is controlled by both unloading points. The update of either would lead to a
different unloading/reloading path. Justifications of material models are not the main focus of
this work. Further refinement of hysteresis behaviour is possible with a more complex material
hysteresis rule applied (e.g., Chang and Mander, 1994).
With a coarse mesh grid (2× 2), it is difficult to recover a precise strain profile along wall
width as the strain field is averaged over a finite element domain. This issue exists in all nu-
merical models including the ones using macroscopic elements. For investigations of local
response, (local) mesh refinement is inevitable. However, SGCMQ shows a good performance
in terms of global response. Noting that the aspect ratio of the element used can be as large as
3, SGCMQ is tolerant to element geometry.
For elasto-plastic applications, most analysis time is spent on the state determination of ma-
terial responses. From the previous two examples, it is observed that switching from the CDP
model to the FCM model does save a significant amount of time. As long as the employed ma-
terial model is cost efficient, it is reasonable to conclude that SGCMQ can be used for modelling
large scale structures with a relatively higher accuracy and a lower computational demand.
6.6 DYNAMIC ANALYSIS OF A CANTILEVER WALL
The investigations of dynamic performance of the proposed (S)GCMQ element depart from
a simple cantilever beam/wall example with an aspect ratio of 4. The model is depicted in
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Fig. 6.15. Instead of point mass, distributed mass is used with the consistent mass formulation.
3 m
12 m
thickness t = 200 mm
elastic modulus E = 30 GPa
Poisson’s ratio ν = 0
density ρ = 300 t/m3t
a
0.2g
td = 1 s
accelerogram
FIGURE 6.15. a simple cantilever beam example
The density is set to 300 t/m3 so that the analytical solution of the first natural frequency f1













= 1.065 Hz, (6.1)
so that the first period is t1 = 0.939 s. The duration of the rectangular pulse td is set to 1 s.
Since the chosen td is close to t1, the amplitude of displacement in the free vibration phase
is significantly smaller than that of the forced vibration phase. Discussions on the theoretical
solutions can be found elsewhere (Chopra, 2011). This feature can be used to amplify the dif-
ference among numerical models. The constant average acceleration Newmark method is used
for the time integration. The time step size ∆t is set to 0.01 s. To avoid any potential bias due to
different damping models, no damping is defined so an undamped beam is analysed.
6.6.1 Eigenanalysis
The eigenanalysis is performed to compute the first natural period. Numerical results,
which are obtained by using SGCMQG elements and consistent mass formulation, are shown in
Table 6.3. The reference solution is computed by using 3600 CPS4 elements with lumped mass
TABLE 6.3. the first natural period computed by using different meshes
mesh 1× 1 1× 2 1× 4 2× 4 2× 8 ref.
ω21 37.44 43.23 42.28 41.70 41.41 41.37
t1 1.03 0.96 0.97 0.97 0.98 0.98
formulation, which is the default configuration in ABAQUS. The results are not significantly
affected by different integration schemes. Both consistent and lumped mass matrix formula-
tions give similar results. It could be seen that relatively accurate natural periods, especially
that of lower modes, can be obtained by using only a few elements.
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From an algorithmic perspective, the excellent coarse mesh accuracy shown by (S)GCMQ is
also advantageous to dynamics problems of structures. It is possible to use a very coarse mesh
of (S)GCMQ to represent the stiffness of the target structure. By such, the highest frequency
of the finite element model is lowered as the total number of DoFs is reduced. The potential
fictitious response contributed by high frequency modes can be effectively eliminated from the
source. This gives more flexibility when it comes to choose a proper time integration algorithm.
The algorithmic damping and the second order accuracy cannot coexist in the well known
Newmark method. To obtain the algorithmic damping, analysts shall either give up the second
order accuracy or switch to another algorithm such as the generalised alpha method (Chung
and Hulbert, 1993). With the high coarse mesh accuracy, it is possible to obtain satisfactory
results by using the undamped time integration methods.
6.6.2 Linear Analysis
The linear analyses are performed with four mesh grids respectively: 1× 1, 1× 2, 1× 4 and
























































































(D) with 2× 8 elements
FIGURE 6.16. linear dynamic analysis of the undamped cantilever beam subjected to a rectan-
gular pulse
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GCMQI, GCMQL, GCMQG, SGCMQI, SGCMQL and SGCMQG, show little difference in each
case, so only one record, denoted as (S)GCMQ, is shown for the sake of clearness.
Due to the overstiff nature, models with Q4 elements show shorter periods and smaller
maximum tip displacements compared to models with (S)GCMQ elements. With mesh refine-
ments, less stiff response can be recovered by Q4 elements. However, even with a 2× 8 mesh,
the computed first mode period is still smaller than that of (S)GCMQ elements, which indicates
that the numerical model is still too stiff. It can be predicted that a much denser mesh is re-
quired for Q4 elements to produce an equivalently accurate response. However, the difference
among models with (S)GCMQ elements does not vary much. In particular, even with only one
element defined, the error of response in forced vibration phase is not significant. (S)GCMQ is
able to perform well in terms of linear dynamic analysis with the most coarse meshes.
Meanwhile, given the fact that different numerical integration schemes have no significant
impact on the predicted linear displacement history, the simplified GCMQ with the five-point
integration scheme (SGCMQI) element appears to be a better option as the computational cost
of which is minimized.
6.6.3 Nonlinear Analysis
To avoid any mesh objectivity issues, here a linear isotropic hardening von Mises material
is used for the non-linear analysis. The yielding stress is chosen to be 80 MPa as the maximum




















































(B) with 2× 4 elements
FIGURE 6.17. non-linear dynamic analysis of the undamped cantilever beam subjected to a
rectangular pulse
The displacement histories are shown in Fig. 6.17. With only one element assigned along
wall width (beam depth), (S)GCMQI and (S)GCMQL tend to overestimate the development of
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plasticity. This can be properly justified since except for the central one, all other integration
points are located on element boundaries in the Irons and Lobatto quadratures. This problem
can be largely alleviated by simply defining one more element transversely. As can be seen
in Fig. 6.17b, all three different integration schemes show no significant difference with such
meshes. In contrast, (S)GCMQG shows reasonably accurate response with coarse mesh grids.
It is noted that with the Gauss scheme, the maximum stress, which often occurs on element
boundaries, cannot be captured by any integration points. Based on the results of this particu-
lar example, it appears that (S)GCMQG, compared to the other versions, shall be used with ex-
tremely coarse meshes for more reliable results. Meanwhile, by the construction of (S)GCMQ,
mesh refinements always result in more accurate response. However, such an improvement
may not be necessary considering the coarse mesh performance of (S)GCMQ.
6.7 DYNAMIC ANALYSIS OF A RC SHEAR WALL
A reinforced concrete cantilever shear wall specimen shown in Fig. 6.18 with an aspect
ratio of 5 is analysed. The specimen is lightly reinforced. As an illustrative example, the rein-
forcement is modelled in a uniform, smeared approach and may not represent real engineering




horizontal mass: m = 20 t per floor
thickness: t = 200 mm
concrete elastic modulus: Ec = 30 GPa
concrete compression strength: fc = 30 MPa
concrete tension strength: ft = 3 MPa
steel elastic modulus: Es = 200 GPa
steel yield strength: fy = 300 MPa
steel hardening ratio: h = 0.02
smeared reinforcement ratio: 0.5 %
finite element mesh: 2× 10 (width×height)
FIGURE 6.18. a reinforced concrete shear wall specimen
A global Rayleigh damping (5 % on the first two modes) is applied. The damping matrix
is deliberately chosen to be a constant matrix that is proportional to mass and initial stiffness
matrices to avoid any potential bias brought by the damping matrix. Such a definition is known
to be problematic (Carr, 1997; Chopra and McKenna, 2015), better alternatives are available.
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The ground motion used is the NS component of the El Centro record, the PGA of which is
0.349g. The Newmark method with a constant average acceleration formulation is selected for
time integration. The concrete material model used is the CDP model while the Menegotto-






















FIGURE 6.19. displacement history of a reinforced concrete shear wall
The computed first eigenvalue of the corresponding generalised eigenvalue problem is
351.67, which yields the first natural period to be T1 ≈ 0.34 s. Fig. 6.19 shows the displace-
ment histories. The difference between linear and non-linear responses starts at t ≈ 2.2 s. The
major plastic deformation occurs at t ≈ 4.9 s.
Fig. 6.20 shows the evolution of tensile damage index κt at both the left and right corners of
wall foot. As in this example, the non-linear response is mainly contributed by concrete tensile
failure localised on the first floor, the characteristics of the plasticity development observed








































FIGURE 6.20. evolution of tensile damage index κt at left and right corners
It could be again seen in Fig. 6.19 that due to the development of plasticity, different ar-
rangements of interpolation/sampling points lead to different global responses. This discrep-
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ancy varies according to the degree of material nonlinearity. In this particular example, such
a difference vanishes if an elastic material model is used for reinforcement, in which case the


































FIGURE 6.21. responses of reinforced concrete shear wall
Fig. 6.21a shows the material responses of reinforcement in two extreme integration points.
Since the left corner has a higher value of tensile damage index κt, the maximum strain is
accordingly larger than that of the right corner. The final strain in the right corner is observed
to be positive, meaning that the wall specimen is uplifted. The concrete model can be modified
to refine the corresponding response. It shall be noted that the ratcheting effect could exist in
the adopted model for reinforcement, with other models, different responses may be obtained.
The base shear resistance is plotted in Fig. 6.21b. Strong non-linear response is observed.
The simple multilinear hysteresis models cannot simulate wall structures in which higher























FIGURE 6.22. displacement histories with different meshes
Complete mesh objective results are difficult to obtain in dynamic analyses since the re-
sponse tends to be sensitive to the initial development of plasticity, which is amplified due to
the presence of damping and inertial terms. Nevertheless, close results can still be obtained.
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Fig. 6.22 shows the displacement histories with 2× 2 and 3× 3 meshes. The corresponding ma-
terial properties are strictly scaled according to the characteristic lengths of elements. It could
be seen that the difference between two types of meshes is insignificant, considering the tensile
damage index is approaching unity as shown in Fig. 6.20. For cases with moderate nonlinearity,
such a difference would be smaller, resulting in a higher coarse mesh accuracy.
6.8 DYNAMIC ANALYSIS OF A RC COUPLED SHEAR WALL
The presence of drilling degrees of freedom offers great convenience to model the connec-
tions between wall panels and adjacent beam-type members. This is advantageous when it
comes to simulate wall-frame structures and coupled walls. The conventional concept of rota-
tion is derived based on the ‘plane sections remain plane’ assumption, thus the beam theory. It
is in general difficult to define the so called rotation field in a 2D continuum when deformation
gradient has similar magnitudes along two axes. Before performing simulations of reinforced
concrete structural walls, the performance of drilling DoFs are firstly examined.
6.8.1 Numerical Experiment
The model shown in Fig. 6.23 is analysed. A slender beam of size 2× 10 is attached to a





L = 10 L = 10
FIGURE 6.23. wall example with attached beam
Although it may not be closely related, the ratio between moments of inertia is Ip/Ib = 125,
which is kept unchanged throughout different cases. The beam and panel may have different
elastic moduli to represent different stiffness ratios between panel and beam. The panel is fully
fixed at the base and a unit vertical displacement is applied to the free end of the beam, the
corresponding reaction forces is recorded. This structure can be modelled by using membrane
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(for panel) and beam (for beam) elements. Alternatively, membrane elements can be used to
represent both panel and beam.
In the beam-panel model, the panel is modelled by (S)GCMQ elements while the attached
beam is idealised as elastic beam element. The Poisson’s ratio is set to zero so the deflection of
beam is accurate. Two different meshes are tested: 2× 2 and 4× 4. The corresponding results
are shown in Fig. 6.24. The reference values are given by 2D models with refined meshes
of plane stress elements in ABAQUS. It could be seen from Fig. 6.24 that the drilling DoFs
in (S)GCMQ perform well with weak coupling members. For Eb/Ep 6 1, the error can be
bounded within 20 % and becomes insignificant when Eb/Ep 6 0.1 with the 2× 2 mesh. It is
worth mentioning that Eb/Ep = 125 leads to the same EI for both panel and beam. However,
different mesh densities show different behaviour. A refined mesh does not necessarily lead to
more accurate results. With the 4× 4 mesh, the results deteriorates quickly with an increasing
moduli ratio Eb/Ep. It shall be noted that with the 2× 2 mesh the beam depth is 40 % of the
length of the adjacent panel element while this value increases to 80 % with the 4× 4 mesh.
Such a high ratio means the physical boundary condition cannot be precisely represented by
the numerical model. Deformation compatibility may become a severe problem as different
































FIGURE 6.24. results of panel with attached beam with different moduli ratios
It is thus inappropriate to model this type of connections by using membrane and beam
elements. It can be inferred that the error of rotational constraint would be lowered with shal-
lower beams. The response of strong coupling members is hence not well captured by the
current definition of drilling DoFs. Indeed, for rigid beams, deformation mainly occurs in the
wall panel, where the rotational constraint may be contributed to by a number of adjacent wall
elements.
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In the author’s opinion, it is not recommended to simulate walls with opening and/or
strong coupling members such as deep beams by using hybrid models that consist of mem-
brane elements — not only (S)GCMQ but also other elements — and beam elements. The focus
of the remaining of this section is limited to coupled walls with weak coupling beams/slabs.
6.8.2 Reinforced Concrete Coupled Wall
Two reinforced concrete shear walls shown in § 6.7 connected with each other by beams are
used to form a coupled wall with a spacing of 3 m. The illustration of the coupled wall, along















Ec = 30 GPa
fc = 30 MPa
ft = 3 MPa
reinforcement:
Es = 200 GPa
fy = 300 MPa
h = 0.02
for each wall:
m = 20 t per floor
t = 200 mm




200 mm× 300 mm section
8φ16 reinforcement





FIGURE 6.25. a reinforced concrete shear wall specimen
be 30 mm. The force-based beam element (Spacone et al., 1996) is adopted to model beams
since its accuracy mainly relies on the number of integration points (Neuenhofer and Filippou,
1997) so coarse meshes can also be utilised. For beam sections, the backbones used in § 5.4
are adopted as the uniaxial concrete model while the Menegotto-Pinto steel model is used for
reinforcement. The configuration of numerical algorithm is identical to that in § 6.7. The first
natural period computed is around 0.32 s. The same NS component of El Centro record is used
as ground motion.
For the configuration listed, the elastic analysis reveals that the response of the hybrid
model (with SGCMQ and beam elements) is close to that of the model with plane stress el-
ements. The difference varies depending on the mesh size but is within 10 %. It is thus reason-
able to use the hybrid model to perform the corresponding non-linear analyses.
Fig. 6.26 shows the corresponding displacement histories with three integration schemes.
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FIGURE 6.26. displacement history of coupled wall
The difference between SGCMQG and the other two versions is not as significant as in Fig. 6.19.
However, in this example SGCMQG gives slightly more stiff results. It could be inferred that
the performance difference between SGCMQG and SGCMQI/SGCMQL would vary from one
specific model to another. It is in general difficult to conclude which version is better in terms
of accuracy. The overall shapes of roof displacement histories shown in Fig. 6.19 and Fig. 6.26
resemble each other. Due to the presence of coupling beams, the magnitude of displacement
is lowered in the first five seconds. The major difference occurs between 5 s and 10 s, which
further leads to different residual displacements.
Fig. 6.27 shows the axial force histories of both walls. Nonzero residual axial forces are
observed to balance the overturning moment caused by horizontal inertial forces while the





















FIGURE 6.27. axial force history of coupled wall
Fig. 6.28 shows the evolution of κt in both walls. Both walls have close κt values at the same
locations. With all material properties unmodified, the coupling effect lowers the maximum
tensile damage index κt from 0.99 in Fig. 6.19 to 0.88 in Fig. 6.28.
96








































left wall left corner
left wall right corner
right wall left corner
right wall right corner
FIGURE 6.28. tensile damage index κt history of coupled wall
Plastic hinges are also developed in coupling beams. Fig. 6.29 shows the hysteresis be-
haviour of selected beam ends. The upper three floors show similar responses while the first
two give different hysteresis loops. The bilinear unloading/reloading rule, which may not be




























































(D) plastic hinge 2
FIGURE 6.29. responses of plastic hinges located at both ends of coupling beams
Since the adopted beam element does not account for shear response on beam cross sec-
tions, the corresponding shear failure mechanisms cannot be captured. In fact, modelling shear
failure patterns of coupling beams is similar to simulating walls in which shear effects cannot
be ignored. Beam elements may not be suitable for this type of problems.
The presence of drilling DoFs provides the ability to model wall-beam connections in a
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natural approach. Other workarounds also exist to address this problem, such as using rigid
offset bars and extending beam elements into wall panels. However, those methods either
underestimate or overestimate the constraint ability provied by wall panels. Before a clear and
precise definition of rotation field for 2D panels, it is difficult to argue which method is more
advantageous. Nevertheless, (S)GCMQ offers an alternative to approach the problem. As can
be seen in the numerical experiment, the accuracy can be guaranteed if the coupling effect is
weak. Drilling DoFs are also appealing to geotechnical engineers when it comes to model pile














































FIGURE 6.30. elongation of the coupled wall under seismic excitation
Finally the elongation of two walls are shown in Fig. 6.30. Since there is no axial load
applied, two walls behave in a similar manner. The left wall reaches a larger vertical elongation
than that of the right wall. This is consistent with the axial load distribution as shown earlier




Summaries and conclusions are presented in this chapter. Beyond the (S)GCMQ element
itself, a few other things regarding modelling of shear walls are discussed. For future work, the
author believes that a more enriched element can be developed atop (S)GCMQ, including but




1. A four-node quadrilateral membrane element with drilling degrees of freedom named
as GCMQ is proposed based on a modified Hu-Washizu variational principle with an
additional enhanced strain field.
2. A simplified version of GCMQ with the enhanced strain field omitted, named as SGCMQ,
is proposed for better numerical efficiency.
3. A five-point integration scheme is proposed based on Irons’ six-point scheme to minimise
the computational cost.
The proposed (S)GCMQ element combines the advantages of both the mixed formulation
and the generalised conforming method and further optimize the interpolations of stress and
strain fields. Up to three enhanced strain modes are supported by the formulation. In the
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proposed elements, GCMQ adopts one enhanced mode while SGCMQ excludes the enhanced
mode. Alternatives of enhanced strain modes are possible. Elastic validations of the proposed
(S)GCMQ element have been performed with emphases on convergence, mesh distortion sen-
sitivity, shear locking, volumetric locking and coarse mesh accuracy. Since strain rate is not
involved in the formulation, it could be expected that the proposed element is locking free un-
der transient loading as well. The objectives are mostly fulfilled, (S)GCMQ has the following
features.
1. free from volumetric locking,
2. good bending performance,
3. no locking in thin elements,
4. low sensitivity to mesh distortions,
5. good coarse mesh accuracy,
6. simple implementation for non-linear constitutive equations and,
7. minimised computational cost.
In the meantime, (S)GCMQ exhibits high coarse mesh accuracy that can be utilised in both
elastic and elasto-plastic applications. Since (S)GCMQ is a general purpose planar element, it
can be used to model not only reinforced concrete shear walls but also other 2D problems. The
finite element analysis is more efficient with (S)GCMQ since the number of DoFs required to
achieve the same level of accuracy can be significantly reduced.
Due to the presence of drilling DoFs, (S)GCMQ can be used with other types of elements
without additional treatments. This feature can be utilised to simplify the pre-precessing pro-
cedure of some special applications such as the simulation of wall-frame structures in civil
engineering. The drilling DoFs are also advantageous when it comes to forming a planar shell
element by combing (S)GCMQ with other plate elements. The corresponding stiffness matrix
would be properly ranked, no other numerical considerations are required.
7.2 DISCOVERIES
A series of applications of the proposed (S)GCMQ with non-linear material models sub-
jected to static, including both monotonic and cyclic, and dynamic loading is also performed
to model squat/short and slender shear walls, as well as weakly coupled shear walls. Various
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mesh configurations are examined. Several discoveries can be concluded as follows.
1. Convergence is guaranteed for (S)GCMQ with different integration schemes. If dense
meshes are used, the five-point adapted Irons quadrature is preferable due to its min-
imised numerical cost.
2. For most examples shown in this dissertation, there is no significant difference observed
from the results of (S)GCMQI and (S)GCMQL. Since displacement, strain and stress are
interpolated internally, the additional four integration points used in (S)GCMQL do not
lead to any improvement of performance. In this sense, (S)GCMQL is not recommended
unless some other material properties are of interest.
3. The proposed (S)GCMQ element has a lower initial error bound, which is advantageous
in terms of elastic applications.
4. The performance of drilling degrees of freedom is reliable only when the wall-panel con-
nection is properly sized. It is thus recommended to model weak coupling effects by
using membranes and beams while for strong coupling members complete 2D models
with plane stress elements shall be employed.
5. The performance of (S)GCMQI/(S)GCMQL differs from that of (S)GCMQG due to the
different arrangements of integration points. It is a common phenomenon and hard to
determine which one is consistently better than the others. It is thus the analysts’ choice
to decide which version to use.
6. (S)GCMQ element is able to produce more accurate eigenvalues, viz., natural periods of
structures, with fewer elements. This is advantageous when it comes to eigenanalyses
of structures. In terms of mass formulation, no significant difference is observed among
different formulations for lower modes. However, it is recommended to use full ranked
mass matrices to accommodate some conditionally stable time integration algorithms.
7. The overall performance of numerical simulations relies on not only elements but also
material models. It could be seen that objective results can only be obtained by using
material models that support regularisation. In other words,
High-performing Element + Objective Material = Good Overall Accuracy.
Apart from the sensitivity to severe mesh distortion, it is worth noting that there may ex-
ist a stability issue when the enhanced strain is present. The problem can only be observed
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with certain non-linear material models. It may be relevant to the bifurcation problem of cou-
pled damage plasticity material models or the common issue with enhanced strain elements
as discussed by Wriggers and Reese (1996). Numerical experiments reveal that the global con-
vergence rate would be greatly affected even with the presence of consistent tangent stiffness.
However, convergence can still be achieved and the solution can be computed. In specific,
the problem appears with GCMQ (no matter how many enhanced strain modes are used) and
the CDP model presented in § 5.3. All other material models used in this work do not exhibit
unstable performance. Based on these facts, GCMQ is recommended for linear analysis while
SGCMQ is recommended for non-linear analysis.
7.3 BEYOND THE ELEMENT ITSELF
Beyond the technical details of the proposed (S)GCMQ element, there are a few other prob-
lems with regard to the finite element analysis of reinforced concrete shear walls. This section
is aimed to present a brief discussion of some key ones. Hopefully the numerical simulations
of shear walls would be less complex and less painful in future.
7.3.1 1D, 2D or 3D?
Different elements with different formulations could work well in different scenarios. How-
ever, accounting for error of numerical methods and computational efficiency, for general pur-
pose practice, the author believes that it is preferable to use 2D elements with 2D/3D materials
to model walls for the following reasons.
1. From first principles, modelling in-plane behaviour of shear walls is a 2D problem and
naturally it shall be addressed by using 2D tools.
2. All procedures of simplification from 2D to 1D domain adopt additional assumptions at
the cost of sacrificing certain information of panel behaviour. Hence 1D models may work
well in modelling slender walls that are dominated by uniaxial behaviour. For anything
beyond that, 2D elements should be used.
3. Analysts are not recommended to use any 3D solid/brick elements, including both lower-
order and higher-order elements, to model panels due to their extremely low efficiency
and performance, let alone the disproportionate demand on memory usage.
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4. Similar to how bar buckling is treated by Dhakal and Maekawa (2002), out-of-plane be-
haviour of walls can also be accounted for as material response so that the computational
cost can be minimised. Geometry nonlinearity analysis could be more precise but it is
not practical for simulations of large scale structures due to its cost. In this sense, a pla-
nar element is preferred with a proper material model that has built-in degradation for
out-of-plane buckling.
7.3.2 How Reliable Is (S)GCMQ?
Reliability is a great concern for all finite elements. There are debates over the reliability, as
well as other attributes such as the robustness, of different modelling approaches (see Palermo
and Vecchio, 2007). In the author’s opinion, all 1D idealizations, which are adopted by most
macroscopic elements, are not suitable for simulations of shear walls due to the presences of
various assumptions which do not always hold for all types of walls. As can be seen earlier,
the error of those elements is not bounded within a certain range and convergence to analytical
solution is not achievable. In this sense, existing macroscopic elements are unreliable. A 2D
problem should be solved by using 2D tools.
The proposed (S)GCMQ is developed based on the theory of continuum mechanics. By
construction, convergence is guaranteed. Hence, mesh refinement can always reduce the mag-
nitude of error. Since (S)GCMQ has a good coarse mesh accuracy, the initial numerical error
can be bounded within a narrow range. If the adopted material model is reliable, the overall
reliability is not an issue for (S)GCMQ.
7.3.3 What Material Model Shall Be Used?
To model in-plane concrete behaviour, for numerical models with coarse mesh grids, the
so called fixed/discrete crack formulation (for concrete) loses its meaning as the fixed crack
angle itself is an averaged representation of cracking effect around a relatively large region.
Meanwhile, it is in general difficult to define a proper behaviour for shear response as most
models treat normal and shear responses separately. The smeared approach and the damage
based formulations appear to be better options.
To the best of the author’s knowledge, to date, there is still a lack of good in-plane concrete
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material models that can simulate both the development of failure envelop and the hysteresis
behaviour. Multiaxial models that are formulated based on plasticity and/or damage theo-
ries could provide flexible definitions of yield surface and its development. The CDP model
used in the previous chapter is a 3D model and thus requires iterations to produce plane stress
response (with a conventional static condensation algorithm). Alternatively, a non-iterative al-
gorithm can be applied (see, e.g., Klinkel and Govindjee, 2002). Meanwhile, since an isotropic
damage model is adopted, the unloading/reloading (hysteresis) response is not ideal. As a
more efficient alternative, the fixed angle theory is essentially based on uniaxial response. Due
to this, the post-yielding behaviour, as well as the development of yielding surface, is a tough
issue. Hence, an efficient in-plane concrete model developed based on the corresponding plas-
ticity/damage theory is on demand. With such a material model, simulations of concrete walls
would be easier in the future.
7.3.4 Is Efficiency a Problem?
People may argue that finite elements, particularly mixed ones, are less computationally
efficient. Indeed, for element-wise state updating, finite elements do require more computation
effort. However, it is clear that the finite element analysis time is not proportional to the number
of DoFs and most time is spent on solving global system instead of updating element states.
Thus, element-wise performance is less concerning, especially in a parallel framework that is
capable of updating several element states at the same time. For the same level of accuracy with
the same amount of DoFs, (S)GCMQ is not necessarily slower than other elements. In fact, it can
be shown that GCMQ is faster than the serendipity Q8 element. Furthermore, the simplified
version SGCMQ does not require element level matrix operation and has an efficiency similar
to that of Q8 element with reduced integration (CPS8R element in ABAQUS notation). The state
determination of which fully resembles that of conventional displacement based elements.
7.3.5 Which Stress Field Should Be Used?
Unlike displacement and strain fields, in (S)GCMQ, there are two stress fields, one is the
interpolated stress field within each element domain, the other one is the stress provided by
the material model at each integration point. There is no difference between those two fields in
elastic cases. However, for elasto-plastic applications, they may differ and the difference could
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be significant. This rises a problem: which one should analysts use?
Clearly, as can be seen in Fig. 4.13, the difference between adjacent stress fields diminishes
with refined mesh grids. The problem then becomes whether the interpolated stress field is
reliable with a coarse mesh grid. In fact, the interpolated stress field can be deemed as an
energetic equivalence of the material stress field. In this sense, the interpolated stress field is
simply one implementation of many stress averaging methods. If the inter-element continuity
is a must, the interpolated stress field can be further averaged.
If post-processing is performed separately, it is likely to average the stress field over the
whole model. Depending on the specific method used, the interpolated stress field may or may
not be useful. It is possible to obtained nodal stress values directly from the interpolated stress
field. Nodal stresses can be averaged in a weighed approach based on how many elements are
connected to the target node.
In the author’s opinion, unless an interpolated stress field that possesses inter-element con-
tinuity is available, there is no difference to use any of the two stress fields, given that the raw
data generated will not be directly used in the interpretation of simulation results. However,
if section resultants are required, the interpolated stress field shall be used as it is closer to the
true stress field from the perspective of energy.
7.4 WHAT’S NEXT?
The formulation of the (S)GCMQ element presented in § 3.2 is based on an additive de-
composition of infinitesimal deformation. The distortion ud can be directly constructed on the
translated configuration xm. Hence, a finite deformation formulation can be further developed
by keeping the second order term∇ud · ut. Although finite deformation may not be critical for
structural walls in civil engineering, it could be useful in other applications.
For simplicity, only one enhanced mode is adopted in GCMQ while the formulation sup-
ports at most three modes. A more extensive study of different enhanced modes can be per-
formed in order to seek potentially better modes that can further improve the coarse mesh
accuracy of GCMQ.
It could been seen that the proposed (S)GCMQ element shows a very good performance
among existing four-node quadrilateral membrane elements. Though, for 3D applications with
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arbitrary planar geometries, a shell element is in demand. SGCMQ can be readily combined
with other plate elements to form high performing shell elements. Since the plate theory has
been extensively investigated by researchers to date, there are a lot of very good four-node
plate elements in current literature. Successful ones, such as DKT element family (Batoz et al.,
1980), can be directly borrowed.
It can also be concluded from numerical examples that the adopted definition of drilling
degrees of freedom is not perfect. It works well when the distortion is not great compared to
the translational deformation. However, in the current context, there is still a lack of theoretical
basis for discussions of the ‘precision’ of the drilling DoFs. As aforementioned in Chapter
3, ideally there shall be two drilling DoFs per node to control the distortion of two connected
edges respectively. It is thus possible to develop a series of different types of elements with four
DoFs per node to form a new finite element system, which may help to improve the numerical
representation of realistic deformation field.
As discussed previously, apart from the element aspect, the development of a good in-plane
(or 3D) concrete material model that supports flexible definitions of hysteresis rules and dam-
age evolutions is still challenging. The two-surface plasticity theory (Dafalias, 1986) combined
with the damage mechanics would be an appealing potential. However, it is noted the coupled
damage plasticity models may have bifurcation problems due to localization, while mixed el-
ements with enhanced strain modes may have stability issues, it is expected to further study
the performance of the combination of the proposed element and damage plasticity material
models. In terms of modelling reinforced concrete problems, to accommodate more flexible
definitions of reinforcement layouts, it is possible to define some built-in patterns of reinforce-
ment that may adopt both discrete and smeared approaches. A laminated membrane/shell
element could be constructed atop (S)GCMQ.
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Explicit Form of Drilling Displacement
By assuming the element is anti-clockwise encoded by four nodes labelled from 1 to 4, the
global coordinates of which are
x1 x2 x3 x4




For convenience, the following symbols are used as well.
x21 = x2 − x1, x32 = x3 − x2, x43 = x4 − x3, x14 = x1 − x4,
y21 = y2 − y1, y32 = y3 − y2, y43 = y4 − y3, y14 = y1 − y4.
(A.2)
For a given integration point with parent coordinates ξ and η, denote
ξp = ξ + 1, ξm = ξ − 1, ηp = η + 1, ηm = η − 1, (A.3)





x21(1− ξ2)ηm + x14ξm(η2 − 1) y21(1− ξ2)ηm + y14ξm(η2 − 1)
x21(ξ2 − 1)ηm + x32ξp(η2 − 1) y21(ξ2 − 1)ηm + y32ξp(η2 − 1)
x43(ξ2 − 1)ηp + x32ξp(1− η2) y43(ξ2 − 1)ηp + y32ξp(1− η2)
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The derivatives can be computed accordingly.
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Explicit Eigenvalue Decomposition of a
Square GCMQ Element
A unit square element with unit thickness is analysed with a density of 100 and an elastic
modulus of 100. The Poisson’s ratio is set to 0.2. GCMQG element is used as the reference
element. The stiffness K can be explicitly expressed with discrete numbers.
K =

46.38 15.63 −4.46 −25.55 −5.21 4.46 −26.54 −15.63 −2.48 5.70 5.21 2.48
15.63 46.38 4.46 5.21 5.70 −2.48 −15.63 −26.54 2.48 −5.21 −25.55 −4.46
−4.46 4.46 2.68 4.46 2.48 −1.44 2.48 −2.48 0.20 −2.48 −4.46 −1.44
−25.55 5.21 4.46 46.38 −15.63 −4.46 5.70 −5.21 2.48 −26.54 15.63 −2.48
−5.21 5.70 2.48 −15.63 46.38 −4.46 5.21 −25.55 4.46 15.63 −26.54 −2.48
4.46 −2.48 −1.44 −4.46 −4.46 2.68 −2.48 4.46 −1.44 2.48 2.48 0.20
−26.54 −15.63 2.48 5.70 5.21 −2.48 46.38 15.63 4.46 −25.55 −5.21 −4.46
−15.63 −26.54 −2.48 −5.21 −25.55 4.46 15.63 46.38 −4.46 5.21 5.70 2.48
−2.48 2.48 0.20 2.48 4.46 −1.44 4.46 −4.46 2.68 −4.46 −2.48 −1.44
5.70 −5.21 −2.48 −26.54 15.63 2.48 −25.55 5.21 −4.46 46.38 −15.63 4.46
5.21 −25.55 −4.46 15.63 −26.54 2.48 −5.21 5.70 −2.48 −15.63 46.38 4.46
2.48 −4.46 −1.44 −2.48 −2.48 0.20 −4.46 2.48 −1.44 4.46 4.46 2.68

.
Eigendecomposition of K gives the following eigenvalues.
λ =
[
0.00 0.00 0.00 0.00 1.05 2.06 2.06 40.10 40.10 83.33 88.02 125.00
]
.
Clearly, the rank of K equals 8. There are four rigid body modes. Mode 7 and mode 8 have the
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same eigenvalue, as well as mode 9 and mode 10. In total, there are 6 different eigen modes.
The corresponding eigenvectors are

1 1 1 1 1 1 1 1
−1 0 −13.34 −2.74 0 1 −1 1
5.92 9.48 135.99 −0.39 −0.11 0 −0.34 0
−1 −1 −1 −1 −1 1 −1 −1
−1 0 13.34 2.74 0 −1 −1 1
−5.92 −9.48 117.03 −0.18 0.11 0 0.34 0
−1 1 1 1 1 −1 −1 −1
1 0 −13.34 −2.74 0 −1 1 −1
5.92 −9.48 −135.99 0.39 0.11 0 −0.34 0
1 −1 −1 −1 −1 −1 1 1
1 0 13.34 2.74 0 1 1 −1
−5.92 9.48 −117.03 0.18 −0.11 0 0.34 0

.
The corresponding mass matrix M can be seen as
M =

11.11 5.56 2.78 5.56
11.11 5.56 2.78 5.56
0.56 −0.14 −0.28 −0.14
5.56 11.11 5.56 2.78
5.56 11.11 5.56 2.78
−0.14 0.56 −0.14 −0.28
2.78 5.56 11.11 5.56
2.78 5.56 11.11 5.56
−0.28 −0.14 0.56 −0.14
5.56 2.78 5.56 11.11
5.56 2.78 5.56 11.11
−0.14 −0.28 −0.14 0.56

.
The generalised eigenvalue problem can also be solved. This could be useful when it comes to
the formulation of elemental damping.
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